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For the thermal–fluid–structure interaction (TFSI) problems with moving boundaries, the 
original implicit boundary condition-enforced immersed boundary method (IBM) by Wang 
et al. [1] has to generate a large correlation matrix and compute its inversion at each 
iteration, implying that the virtual memory requirement and computational cost would 
grow exponentially with the number of Lagrangian points. In this work, we proposed an 
efficient explicit boundary condition-enforced immersed boundary method for Neumann 
boundary condition (NBC) to achieve high computational efficiency and maintain similar 
accuracy as the original implicit IBM [1], which circumvents the needs to assemble a 
large correlation matrix and inverse it in the original implicit IBM [1] through second-
order approximation based on the error analysis using Taylor series expansion. Most 
importantly, the proposed explicit IBM can efficiently solve practical physics problems 
with a tremendous amount of Lagrangian points involving Neumann boundary condition. 
The comparisons of the virtual memory and computational cost between the explicit and 
implicit IBMs demonstrate that the explicit boundary condition-enforced IBM is not only 
computational efficient, but also has memory saving performance. The proposed explicit 
IBM integrated with the reconstructed thermal lattice Boltzmann flux solver (RTLBFS) is 
validated with some classical benchmarks, and the results show that the proposed explicit 
IBM can successfully resolve TFSI problems with Neumann boundary condition.
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1. Introduction

Thermal-fluid-structure interaction (TFSI) problems are ubiquitous in natural environment and various engineering, such 
as in industrial cooling systems, chemical processing and nuclear reactor. TFSI problems have always been fascinating yet 
challenging, where multi-physics coupled effects are involved. Numerous accurate and efficient numerical approaches have 
been proposed to handle the complex nature of TFSI problems, but the most attractive approach among them is the im-
mersed boundary method (IBM) firstly proposed by Peskin [2], owing to its simplicity and flexibility for tackling complex 
TFSI problems.

There are generally three types of boundary conditions that can be imposed on solid wall, namely, Dirichlet bound-
ary condition, Neumann boundary condition, and Robin boundary condition. Tremendous efforts have been placed on the 
Dirichlet boundary condition with many highly accurate and efficient schemes being developed for various IBMs to han-
dle a wide-range of problems involving Dirichlet boundary conditions. For example, the penalty forcing scheme [2,3], the 
direct forcing scheme [4–8], the feedback forcing scheme [9], the momentum exchange scheme [10–12], and the bound-
ary condition-enforced scheme [13–18]. Peskin [2] proposed the penalty forcing scheme by assuming that the interaction 
between the solid boundary and fluid satisfies the Hook’s law, where the information of structural stiffness is required. 
However, this parameter is hard to accurately define, thereby it triggers the emergence of the direct forcing scheme [4,7], 
which requires the explicit evaluation of the restoring force from Navier-Stokes equations. However, conventional IBMs can-
not accurately impose the Dirichlet boundary condition on the solid wall by evaluating the restoring force explicitly as it 
induces unphysical flow penetration into the solid wall. Therefore, Wu and Shu [13] proposed the implicit boundary condi-
tion enforced IBM to accurately satisfy Dirichlet boundary condition on the solid boundary. However, the original implicit 
IBM for Dirichlet boundary condition suffers from tedious matrix generation and complex matrix inversion. Subsequently, 
Zhao et al. [19] proposed an explicit technique that could eliminate the aforementioned drawbacks, where it has been ex-
tensively used to resolve the complex biological propulsion problems [20–22]. These IBMs with Dirichlet boundary condition 
can easily be extended to simulate TFSI problems with isotherm boundary conditions [23–26].

However, TFSI problems associated with Neumann boundary condition are much more common than Dirichlet bound-
ary condition. Unfortunately, it is much more difficult to develop an IBM approach that could accurately satisfy Neumann 
boundary condition on solid surface. Zhang et al. [27] attempted to enforce Neumann boundary condition in an explicit 
direct heating scheme by introducing an auxiliary layer outside the solid boundary. Ren et al. [28] proposed an explicit heat 
flux correction IBM by determining the difference between the prescribed heat flux and the interpolated heat flux from 
an intermediate temperature field. Hu et al. [29,30] proposed a numerical scheme derived from the jump condition of the 
temperature gradient, which is utilized to study the 2D natural convection in an annulus. However, Wang et al. [1] demon-
strated that most of the one-step explicit correction-based IBMs cannot accurately satisfy the NBC on the solid boundary, 
owing to the mutual interaction between the heat sink on the Lagrangian points and the temperature correction on the 
Eulerian meshes. Therefore, Wang et al. [1] proposed an implicit boundary condition-enforced IBM for Neumann boundary 
condition with the help of two auxiliary layers inside and outside the immersed boundary, where the heat flux on the solid 
wall can be obtained by differentiating the local temperature on the two auxiliary layers, thereby, achieving second order 
accuracy and satisfying Neumann boundary condition on the solid wall. However, the implicit boundary condition-enforced 
IBM [1] involves large correlation matrix generation and complex matrix inversion to handle the TFSI problems with moving 
boundary, which puts an enormous amount of pressure on the server memory. Most importantly, the computational cost 
increases exponentially as the number of Lagrangian points increases.

In this work, to achieve high computational efficiency and maintain similar accuracy as the original implicit IBM [1], we 
propose an efficient explicit boundary condition-enforced IBM for Neumann boundary condition. The proposed explicit IBM 
is capable of providing the temperature corrections with second-order accuracy through an error analysis using the Taylor 
series expansion, without the large correlation matrix generation process and the inversion of the correlation matrix. The 
proposed explicit IBM is integrated with the RTLBFS for simulating the TFSI problems with Neumann boundary condition. 
The results from several numerical validations demonstrate that the NBC can be accurately and efficiently satisfied by the 
proposed explicit IBM. The comparisons of virtual memory and computational time for solving IBM process elucidate the 
superior performance of the proposed explicit IBM for NBC.

The paper is organized as follows: the governing equations of the fluid dynamics, the numerical approaches for fluid 
dynamics, and the IBMs for Dirichlet and Neumann boundary conditions are introduced in Section 2. In Section 3.1, the 
detailed derivation of the explicit IBM for NBC is presented. Subsequently, the comparisons of the virtual memory and 
computational cost between the explicit and implicit IBMs are performed in Section 3.2. In Section 4, the overall numerical 
accuracy test and numerical validations of the proposed explicit IBM for NBC are presented. Specifically, Sections 4.2-4.5
demonstrate the capability of the proposed explicit IBM in handling Neumann boundary condition in external and internal 
thermal flows. Section 4.6 presents the application of the proposed explicit IBM for simulating the 3D TFSI problems with 
moving boundary. Conclusions are provided in Section 5.

2. The mathematical model and numerical approach

In this section, the governing equations for thermal flows and the numerical approaches are introduced. In the present 
work, a fractional step method is utilized to simplify the interaction process in TFSI problems. The solution process of a 
2
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Fig. 1. Local reconstructed unit lattice at the cell interface; (a) D2Q9 and (b) D3Q19. The black points denote the two adjacent cell centers and the blue 
points denote the unit lattice points. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

TFSI problem is decomposed into a sequence of two steps (predictor step and corrector step). In the predictor step, the 
intermediate flow field is predicted by the RTLBFS [31], where the existence of the solid object is not taken into account. 
Subsequently, in the corrector step, the IBMs for Dirichlet boundary condition and Neumann boundary condition are utilized 
to resolve the velocity and temperature corrections on the solid wall, respectively.

2.1. Navier-Stokes (N-S) equations

For thermal viscous flows, the Navier-Stokes (N-S) equations of the mass, momentum and energy conservation can be 
expressed as:

∂ρ

∂t
+ ∇ · (ρu) = 0, (1a)

∂ (ρu)

∂t
+ ∇ · (ρuu) = −∇p + ν∇ ·

[
∇ρu + (∇ρu)T

]
+ FB + f, (1b)

∂
(
ρcp T

)
∂t

+ ∇ · (ρcp T u) = χ∇2(ρcp T ) + q, (1c)

where ρ is the fluid density, u is the flow velocity, T denotes the temperature. ν , p, cp and χ denote the kinematic 
viscosity, the pressure, the specific heat capacity at constant pressure, and the thermal diffusivity, respectively. Based on 
the Boussinesq approximation, the buoyancy force can be evaluated as FB = (0, 0, −ρζ g(T − Tm)), where ζ , g and Tm

are the thermal expansion coefficient, gravitational acceleration and averaged temperature, respectively. f and q denote the 
restoring forcing term and the heat source term, respectively. The above N-S equations can simulate the incompressible 
thermal viscous flow, provided that the density variation is small and Mach number is low.

2.2. The RTLBFS for determining the intermediate flow variables

In the predictor step, the standard N-S equations are solved with the RTLBFS without considering the presence of the 
solid domain, hence, the restoring forcing term f and the heat source term q in Eqs. (1b) and (1c) are set to zero in present 
step. The governing equations shown in Eq. (1) can be rewritten in a vector form:

∂W

∂t
+ ∇ · F = 0, (2)

where

W =
⎧⎨
⎩

ρ
ρu

ρcp T

⎫⎬
⎭ , F =

⎧⎨
⎩

P
�
Q

⎫⎬
⎭ , (3a)

P = ρu, (3b)

� = ρuu + p I − ν
(
∇ρu + (∇ρu)T

)
, (3c)

Q = ρcp T u − χ∇(ρcp T ). (3d)

It is worth mentioning here that the buoyancy force FB is considered in the intermediate step shown in Eq. (7) rather than 
in the flux term �.
3
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Firstly, a unit lattice is constructed at the cell interface with the lattice velocity model shown in Fig. 1. Then, the 
macroscopic flow variables W = (ρ,u, T ) at each lattice node are approximately evaluated with the following interpolation 
scheme:

W =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

WL + ∇WL · (XN − XL) ,XN locates at the left cell;

WR + ∇WR · (XN − XR) ,XN locates at the right cell;

0.5 [WL + ∇WL · (XN − XL) + WR + ∇WR · (XN − XR)] ,

XN locates at the interface;

(4)

where XL and XR are the cell center position of the two adjacent cells. In the present work, the superscripts n, ∗, m and 
n + 1 denote the current, the sub-intermediate, the intermediate and the next time steps, respectively.

Subsequently, the sub-intermediate macroscopic flow variables at the cell interface are evaluated through solving the 
macroscopic equations, which is recovered from the local thermal LBM with the finite difference method, as follows:

ρ∗ = ρn − ∂α (ρuα)n δt + 1

2
δt2∂α∂β

(
ρuαuβ + ρc2

s δαβ

)n + O
(
δt3
)

, (5a)

(ρuα)∗ = (ρuα)n − δt∂β

(
ρuαuβ + ρc2

s δαβ

)n + 0.5c2
s δt2∂β

[
∂β (ρuα) + ∂α

(
ρuβ

)+ ∂γ

(
ρuγ

)
δαβ

]n + O
(
δt3
)

,

(5b)(
ρcp T

)∗ = (ρcp T
)n − δt∂α

(
ρcpuαT

)n + 0.5c2
s δt2∂α∂β

(
ρcp T δαβ

)n + O
(
δt3
)

, (5c)

where subscripts α, β and γ are the coordinate components. cs denotes the speed of sound and δt is the time interval. The 
partial derivatives in Eq. (5) are discretized on the unit lattice using the second-order central difference scheme [32].

Using the second-order Taylor series expansion [31], the flux terms in Eq. (3a) can be obtained by invoking the sub-
intermediate macroscopic variables, which can be expressed as:

Pα = (ρuα)∗ , (6a)

�αβ =
(
ρuαuβ + ρc2

s δαβ

)∗ − ν
[
∂β (ρuα) + ∂α

(
ρuβ

)+ ∂γ

(
ρuγ

)
δαβ

]
− (τ f − 0.5)

[(
ρuαuβ + ρc2

s δαβ

)∗ −
(
ρuαuβ + ρc2

s δαβ

)]
+ O

(
δt2
)

,

(6b)

Q α = (ρcpuαT
)∗ − χ∂α

(
ρcp T

)− (τg − 0.5
) [(

ρcpuαT
)∗ − (ρcpuαT

)]+ O
(
δt2
)

, (6c)

where τ f and τg are the relaxation parameters, which are related to the kinematic viscosity ν = (τ f − 0.5
)

c2
s δt and thermal 

diffusivity coefficient χ = (τg − 0.5
)

c2
s δt , respectively.

Finally, the macroscopic flow variables ρn+1, um , and T m at the cell center are computed with the flux terms as follows:

ρn+1 = ρn − 
t


V

∑
k

Pα
Skα, (7a)

(ρuα)m = (ρuα)n + 
t


V

∑
k

�αβ
Skβ + F Bα, (7b)

(
ρcp T

)m = (ρcp T
)n − 
t


V

∑
k

Q α
Skα, (7c)

where 
V denotes the control cell’s volume and 
t is the macroscopic time interval. 
Sk denotes the area of the kth 
interface of the control cell.

2.3. Velocity corrections obtained by the IBM for Dirichlet boundary condition

For simplicity, the two-dimensional methodology of IBM is presented. To satisfy the no-slip boundary condition, the 
boundary condition-enforced immersed boundary method with explicit technique is applied to correct the intermediate 
velocity field [26]. The velocity corrections can be evaluated with the following scheme:


u = un+1 − um, (8)

where 
u denotes the corresponding corrections on the velocity field. Therefore, the restoring forcing terms in the momen-
tum equation can be expressed as:

f = ρn+1 
u
. (9)

t

4
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For simplicity, the symbol ψ is adopted to represent the two velocity components, thus, Eq. (8) can be rewritten as:

ψn+1 = ψm + 
ψ. (10)

The difference between the local flow velocity and the desired velocity on the solid wall needs to be eliminated to 
accurately impose the no-slip boundary conditions, which can be expressed as:

ψB

(
X l

B

)
= ψn+1

(
X l

B

)
=
∑

j

ψn+1 (r j
) · D

(
r j − X l

B

)
h2

l = 1,2, . . . , N, j = 1,2, . . . , M

(11)

where the subscript B denotes the Lagrangian points on the solid wall. h is the background Eulerian mesh spacing; N and 
M denote the numbers of Lagrangian points and Eulerian points, respectively. r j represent the physical position of Eulerian 
points. The kernel distribution function D can be written as:

D
(

r j − X l
B

)
= δ
(

rx
j − Xl

B

)
δ
(

r y
j − Y l

B

)
, (12)

δ(r) =

⎧⎪⎪⎨
⎪⎪⎩

[
1 +√1 − 3(r/h)2

]
/3, |r| ≤ 0.5h,[

5 − 3|r|/h −√1 − 3(1 − |r|/h)2
]
/6, 0.5h < |r| ≤ 1.5h,

0, |r| > 1.5h.

(13)

The correction 
ψ(r j) at Eulerian points can be obtained through the interpolation with the correction δψ l
B at Lagrangian 

points as follows:


ψ
(
r j
)=∑

l

δψ l
B · D

(
r j − X l

B

)
· 
sl, l = 1,2, . . . , N, (14)

where 
sl represents the arc length of the solid boundary element. Substituting Eqs. (10) and (14) into Eq. (11), the 
following relationship can be obtained as:

ψB

(
X l

B

)
=
∑

j

ψm (r j
) · D

(
r j − X l

B

)
h2 +

∑
j

∑
k

δψk
B
sk · D

(
r j − X l

B

)
· D
(

r j − Xk
B

)
h2. (15)

Equation (15) can be rewritten in the matrix form as follows:

Ax = B (16a)

x = [ δψ1
B
s1, δψ2

B
s2, · · · , δψN
B 
sN

]T
, (16b)

Aij =
M∑

k=1

Dik D jkh2, (16c)

Bi = ψ i
B −

M∑
k=1

Dikψ
m
k . (16d)

By solving the linear equation system of Eq. (16a) with an explicit technique [19], the unknown term δψ i
B
si on the 

Lagrangian points can be obtained.

2.4. Temperature corrections obtained by the original IBM for Neumann boundary condition

In this subsection, the original implicit boundary condition-enforced immersed boundary method for Neumann boundary 
condition [1] is introduced. The implicit IBM is applied in the corrector step, right after the intermediate temperature field is 
evaluated, to accurately satisfy the Neumann boundary conditions on the solid wall. The corrected temperature is obtained 
by accounting for the corrections as follows:

T n+1 = T m + 
T , (17)

where 
T denotes the temperature correction. Therefore, the source term in the energy equation can be expressed as:

q = ρn+1cp

T

. (18)


t

5
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Fig. 2. Illustration of the immersed boundary method for Neumann boundary condition.

Fig. 2 shows the scheme of the IBM for Neumann boundary condition, where two auxiliary layers are placed inside and 
outside of the solid boundary with a distance of 2h. Based on the central difference scheme, the heat flux with the second 
order of accuracy at the Lagrangian points on the surface of the solid domain can be obtained by:

∂T k

∂n
= 1

2h

(
T k

O − T k
I

)
, (19)

where T k
O and T k

I denote the kth temperature on the outer and inner auxiliary layers, respectively, which can be evaluated 
by:

T k
O = T mk

O + δT k
O , (20a)

T k
I = T mk

I + δT k
I , (20b)

where T mk
O and T mk

I are the intermediate temperatures on the outer and inner layers, which can be obtained by:

T mk
O (X O ) =

∑
j

T m (x j
) · D

(
x j − Xk

O

)
· h2, (21a)

T mk
I (X I ) =

∑
j

T m (x j
) · D

(
x j − Xk

I

)
· h2. (21b)

Similarly, the temperature corrections on the auxiliary layers can be evaluated by the following interpolation relationships:

δT k
O (X O ) =

∑
j


T
(
x j
) · D

(
x j − Xk

O

)
· h2, (22a)

δT k
I (X I ) =

∑
j


T
(
x j
) · D

(
x j − Xk

I

)
· h2. (22b)

Substituting Eqs. (20) and (21) into Eq. (19), the following relationship is obtained as:

2h
∂T k

∂n
= T k

O − T k
I = T mk

O − T mk
I + δT k

O (X O ) − δT k
I (X I ) . (23)

Differing from the double-sided distribution corrected source in the Section 2.3, the biased distribution is implemented 
in the temperature field, because the diffusion introduced by the smooth delta function would pollute the temperature field 
outside the solid domain. Therefore, the temperature correction on the inner layer is adopted as the heat source, which is 
only distributed to the field inside the inner layer. This relationship can be expressed as:


T
(
x j
)=
{∑

k

(
δT k

I

) · D
(
x j − Xk

I

) · 
sk
I , for x j inside the inner layer;

0, elsewhere.
(24)
6
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Substituting Eqs. (22) and (24) into Eq. (23) yields:

2h
∂T k

∂n
= T mk

O − T mk
I +

∑
j


T
(
x j
) · (D

(
x j − Xk

O

)
− D

(
x j − Xk

I

))
· h2

= T mk
O − T mk

I +
∑

j

(∑
l

(
δT l

I · 
sl
)

· D
(

x j − X l
I

))
·
(

D
(

x j − Xk
O

)
− D

(
x j − Xk

I

))
· h2,

(25)

which can be rewritten in the matrix form as follows:

C Y = E (26a)

Ckl =
∑

j

[
D
(

x j − X l
I

)
·
(

D
(

x j − Xk
O

)
− D

(
x j − Xk

I

))]
· h2 (26b)

E =
[

2h
∂T 1

∂n
− T m1

O + T m1
I , . . . ,2h

∂T k

∂n
− T mk

O + T mk
I , . . . ,2h

∂T N

∂n
− T mN

O + T mN
I

]t

(26c)

Y =
[
δT 1

I · 
s1, . . . , δT l
I · 
sl, . . . , δT N

I · 
sN
]t

(26d)

The procedure of the original implicit IBM for Neumann boundary condition is summarized in Algorithm 1. In the 
implicit IBM for Neumann boundary condition [1], the assembly and inversion of matrix C requires large virtual memory 
and high computational cost when a large number of Lagrangian points are involved. Especially, when the moving boundary 
is involved in the TFSI problems, the matrix C and its inversion need to be updated at each time step.

Algorithm 1 The implicit IBM for Neumann boundary condition.
Step 1: D O and D I
Step 2: C = D I · (D O − D I )

Step 3: C−1 = 1
|C |

⎡
⎢⎢⎣

C11 C21 . . . CN1

C12 C22 . . . CN2

. . . . . . . . . . . .

C1N C2N . . . CN N

⎤
⎥⎥⎦

Step 4: Y = C−1 E
Step 5: T n+1 = T m + Dt

I Y

3. The explicit boundary condition-enforced immersed boundary method for Neumann boundary conditions

In this section, the explicit technique is firstly proposed to simplify the tedious matrix generation process and the com-
plex matrix inversion required by the original implicit boundary condition-enforced IBM for ensuring the NBC. The explicit 
technique is developed through error analysis with the help of Taylor series expansion, and a second-order approximation 
is derived. Subsequently, the comparisons of the virtual memory and computational cost between the explicit and implicit 
IBMs are performed.

3.1. The derivation of the explicit technique

The detailed derivation of the explicit technique is presented in this subsection. Recalling Eq. (26) from previous section, 
the matrix form can be rewritten as:

N∑
l=1

CklδT l
I

(
X l

I

)

sl = Ek. (27)

The unknown term δT l
I (X l)
sl is related to the Ek when the coefficient Ckl �= 0. Hence, Eq. (27) can be rewritten as:∑

l∈{Ckl �=0}
CklδT l

I

(
X l

I

)

sl = Ek (28)

The relationship Ckl �= 0 requires:

D
(

x j − X l
I

)
�= 0, (29a)

D
(

x j − Xk
O

)
�= D

(
x j − Xk

I

)
. (29b)
7
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As described previously (see Eq. (24)), the temperature correction only exists on the Eulerian points x j , which locates 
inside the inner auxiliary layer, indicating that D 

(
x j − Xk

O

)≤ D 
(
x j − Xk

I

)
. Only when D 

(
x j − Xk

O

)= 0 and D 
(
x j − Xk

I

)= 0, 
the D 

(
x j − Xk

O

)= D 
(
x j − Xk

I

)
. With this relationship, the Eq. (29b) can be satisfied with D 

(
x j − Xk

I

) �= 0.
Assuming the Eulerian grid j ∈ S(l), the relationship D 

(
x j − X l

I

) �= 0 can be satisfied. Similarly, D 
(
x j − Xk

I

) �= 0 can be 
achieved when the Eulerian grid j ∈ S(k). Ckl �= 0 requires the Lagrangian points l and k to share the common Eulerian 
grids j ∈ S(l) ∩ S(k). With the delta function, when j ∈ S(l), 

∥∥x j − X l
I

∥∥ ≤ ∥∥(1.5h,1.5h,1.5h)t
∥∥ = O (h). Similarly, when 

j ∈ S(k), 
∥∥x j − Xk

I

∥∥≤ ∥∥(1.5h,1.5h,1.5h)t
∥∥= O (h).

Therefore, to ensure Ckl �= 0, the distance between Lagrangian points should satisfy the following relationship:∥∥∥dXkl
I

∥∥∥=
∥∥∥X l

I − Xk
I

∥∥∥
=
∥∥∥(x j − Xk

I

)
−
(

x j − X l
I

)∥∥∥
≤
∥∥∥x j − Xk

I

∥∥∥+
∥∥∥x j − X l

I

∥∥∥
≤
∥∥∥(3h,3h,3h)T

∥∥∥
= O (h)

(30)

Through the second-order Taylor series expansion, the terms δT l
I

(
X l

I

)
and 
sl can be expanded as:

δT l
I

(
X l

I

)
= δT k

I

(
Xk

I

)
+ ∂δT I

∂ X
dXkl

I + O
(

dXkl
I

2
)

(31)


sl = 
sk + ∂
s

∂ X
dXkl

I + O
(

dXkl
I

2
)

(32)

Multiplying Eqs. (31) and (32) gives:

δT l
I

(
X l

I

)

sl = δT k

I

(
Xk

I

)

sk + ∂δT I

∂ X
dXkl

I 
sk + ∂
s

∂ X
dXkl

I δT k
I

(
Xk

I

)
+ ∂δT I

∂ X

∂
s

∂ X
dXkl

I dXkl
I + 
sk O

(
dXkl

I
2
)

+ δT k
I

(
Xk

I

)
O
(

dXkl
I

2
)

+ O
(

dXkl
I

3
)

= δT k
I

(
Xk

I

)

sk + ∂δT I

∂ X
dXkl

I 
sk + ∂
s

∂ X
dXkl

I δT k
I

(
Xk

I

)
+ O

(
dXkl

I
2
) (33)

where 
sk denotes the spacing of the auxiliary Lagrangian points on the inner auxiliary layer. To establish a proper corre-
lation between Lagrangian points and Eulerian grids, 
sk requires:


sk = O (h) (34)

In addition, δT I = q
t is related to the time step 
t , yielding:

δT I = O (
t) = O (C F L · h) = O (h), (35)

where C F L denotes the Courant–Friedrichs–Lewy number. By substituting these two relations into Eq. (33), the second and 
third terms in Eq. (33) can be simplified as:∥∥∥∥∂δT I

∂ X
dXkl

I 
sk

∥∥∥∥≤
∥∥∥∥∂δT I

∂ X

∥∥∥∥∥∥∥dXkl
I

∥∥∥∥∥∥
sk
∥∥∥

=
∥∥∥∥∂δT I

∂ X

∥∥∥∥ · O (h) · O (h)

= O
(

h2
)

(36)

∥∥∥∥∂
s

∂ X
dXkl

I δT k
I

(
Xk

I

)∥∥∥∥≤
∥∥∥∥∂
s

∂ X

∥∥∥∥∥∥∥dXkl
I

∥∥∥∥∥∥δT k
I

(
Xk

I

)∥∥∥
=
∥∥∥∥∂
s

∂ X

∥∥∥∥ · O (h) · O (h)

= O
(

h2
)

(37)

Substituting Eqs. (36) and (37) into Eq. (33), Eq. (33) can be simplified as:
8
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Table 1
Comparison of the virtual memory for storing the variables related to IBM of 
implicit and explicit IBMs for Neumann boundary condition.

Number of Lagrangian points Algorithm Ratio

Implicit IBM Explicit IBM

1000 7.6294 MB 7.8125 KB 1000
5000 190.7349 MB 39.0625 KB 5000
10000 762.9395 MB 78.125 KB 10000
15000 1716.6138 MB 117.1875 KB 15000
20000 3051.7578 MB 156.25 KB 20000

Table 2
Comparison of the time consumption for solving the IBM of implicit and explicit 
IBMs for Neumann boundary condition with one CPU core (2.3 GHz).

Number of Lagrangian points Algorithm Ratio

Implicit IBM Explicit IBM

1000 23.6406 s 19.2969 s 1.225
5000 1515.2500 s 104.0781 s 14.559
10000 13865.6563 s 223.6250 s 62.004
15000 90277.5938 s 373.1406 s 241.940
20000 216872.1250 s 523.2813 s 414.447

δT l
I

(
X l

I

)

sl = δT k

I

(
Xk

I

)

sk + O (h2) (38)

With the above relation and the definition of ϒk =∑l∈{Ckl �=0} Ckl , Eq. (28) can be rewritten as:

δT k
I

(
Xk

I

)

sk = Ek

ϒk
(39)

The procedure of explicit IBM for Neumann boundary condition is summarized in Algorithm 2. As shown in Eq. (38), the 

Algorithm 2 The explicit IBM for Neumann boundary condition.
Step 1: D O and D I
Step 2: ϒk =∑l

∑
j [D I · (D O − D I )]

Step 3: Y = E/ϒ

Step 4: T n+1 = T m + Dt
I Y

second order approximation is preserved in the explicit IBM for Neumann boundary condition. Since RTLBFS utilized in the 
present work is of second order accuracy, the overall accuracy will not be affected by such approximation.

3.2. Comparisons of the virtual memory and computational cost between implicit and explicit IBMs for Neumann boundary condition

For three-dimensional TFSI problems related to the Neumann boundary condition, large Lagrangian points are required 
to establish a proper correlation between Lagrangian points and Eulerian meshes. Therefore, the original implicit IBM [1]
for NBC demands a large virtual memory for storing the correlation matrix and huge computational effort for matrix in-
version. The original implicit IBM and proposed explicit IBM in this work are compared in terms of virtual memory and 
computational cost at various number of Lagrangian points.

In this test, the size of the Eulerian meshes is 2003 and the number of the Lagrangian points varies from 103 to 2 × 104. 
The comparisons related to the virtual memory requirement and computational time between the implicit IBM and the 
proposed explicit IBM are presented in Table 1 and Table 2, respectively. From Table 1, it can be seen that the implicit IBM 
requires N times virtual memory more than that of the proposed explicit IBM, highlighting the practicability of explicit IBM 
for solving practical physical problems. As shown in Table 2, the proposed explicit IBM is far more efficient than the implicit 
IBM when the number of Lagrangian points exceeds 103, which demonstrates that the proposed explicit IBM can efficiently 
tackle the TFSI problems related to the Neumann boundary condition.

4. Results and discussion

In this section, the overall numerical accuracy of the proposed explicit boundary condition-enforced immersed boundary 
method for Neumann boundary condition integrated with RTLBFS is evaluated with the transient heat diffusion of a Gaussian 
hill. Subsequently, the robustness and suitability of the proposed explicit IBM for Neumann boundary condition are validated 
with external and internal flows using four classical benchmark cases. Finally, the proposed explicit IBM for Neumann 
boundary condition is applied to a three-dimensional TFSI problem with moving boundary.
9
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Fig. 3. (a) Comparison of the isotherms of simulated results (red solid line) and analytical solution (black dash line) at Fo = 0.005.(b) Convergence of 
numerical error versus mesh spacing for unsteady heat diffusion of a Gaussian hill, indicating that the overall accuracy of the proposed method is of 
second-order.

4.1. Numerical test of overall accuracy

Previous studies [13,19,33,34] have used two-dimensional decaying vortex flow, where a circular cylinder is immersed 
in the computational domain with analytical solution being imposed on the solid boundary, to analyze the stability and the 
convergence of IBM with Dirichlet boundary condition.

Similarly, we used the transient heat diffusion of a Gaussian hill with analytical temperature gradient being imposed on 
the solid boundary to examine the overall accuracy of the proposed explicit boundary condition-enforced IBM for Neumann 
boundary condition integrated with RTLBFS, where the analytical temperature gradient is imposed on the solid boundary. 
The numerical test is conducted on a 2D square computational domain with a side length of 2L and the periodic boundary 
condition is applied on the domain boundaries. A circular cylinder with a radius of 0.25L is placed at the center (L, L) of the 
uniformly discretized computational domain. The local temperature gradients on the solid boundary are obtained through 
the local analytical temperature as follows:

∂T k

∂n
= 1

2h

(
T k,exact

O − T k,exact
I

)
, (40)

where the superscript “exact” denotes the analytical solution. In this test, the initial velocity field is set as u = (u0, 0) and 
the initial temperature field is distributed with a Gaussian distribution:

T (x,0) = Tref

2πσ 2
exp

[
− (x − Xc)

2

2σ 2

]
, (41)

where Tref is the reference temperature and σ is a constant. The center of the Gaussian hill is represented by Xc . The 
parameters σ = 0.05L, Tref = 2πσ 2, and Xc = (0.5L, 0) are adopted. The analytical solution of the temperature field is 
characterized by:

T (x, t) = Tc

2π
(
2χt + σ 2

) exp

[
− (x − Xc − ut)2

2
(
2χt + σ 2

)
]

. (42)

To examine the numerical accuracy of the proposed explicit boundary condition-enforced IBM for Neumann boundary 
condition, 5 different uniform meshes with mesh spacing of 802, 1202, 1602, 2002, and 2402 are applied to investigate the 
convergence order. The parameters 
t = 1 and Pe = u0L/χ = 100 are adopted in each test. The relative error E2 quantified 
by L2 norm is calculated at Fo = tχ/L2 = 0.005 through the following expression:

E2 =
√∑N

i=1

(
T numerical − T exact

)2
N

, (43)

where the superscript “numerical” denotes the numerical results and N is the total grid number on the Eulerian mesh. Com-
parison of the isotherms of the numerical result obtained from the proposed method and the analytical solution obtained 
through Eq. (3) is shown in Fig. 3(a), where excellent agreement between the predicted results by the proposed method 
10
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Fig. 4. Overview of the computational setup of an iso-heat-flux circular cylinder in a free stream.

Fig. 5. Comparisons between isotherms of the mixed heat transfer from a heated circular cylinder with constant heat flux provided by Wang et al. [1]
(lower part of each figure) and the present results (upper part of each figure) at three different Reynolds numbers, namely, (a) Re = 10, (b) Re = 20, and 
(c) Re = 40.

and the analytical solution is observed. It is evident from Fig. 3(b) that the overall accuracy of the proposed method is of 
second-order in space, demonstrating that the proposed explicit IBM for Neumann boundary condition has negligible effects 
on the global accuracy of the RTLBFS.

4.2. Forced convection around an iso-heat-flux circular cylinder

In this subsection, the mixed heat transfer around an iso-heat-flux cylinder is adopted to examine the suitability of the 
proposed explicit IBM for Neumann boundary condition in external flows. The problem is governed by two dimensionless 
parameters: the Reynolds number (Re) and the Prandtl number (Pr), which are defined as:

Re = U0 D

ν
, (44a)

Pr = ν

χ
, (44b)

respectively. U0 is the flow velocity of the free stream and D denotes the diameter of the heated circular cylinder. In this 
numerical test, the Prandtl number is fixed at Pr = 0.7 and three Reynolds numbers are chosen, namely, 10, 20, and 40. 
At the surface of the cylinder, no-slip condition and iso-heat-flux condition (∂T /∂n = −1) are satisfied. The computational 
setup is shown in Fig. 4, where the free stream velocity U0 = 0.1 and constant temperature of T0 = 0 are applied on the left 
boundary and Neumann boundary condition is utilized on other boundaries. The local Nusselt number Nulocal and average 
Nusselt number Nu for measuring the heat transfer rate on the surface of solid boundary are defined as:

Nulocal = −
(

∂T

∂n

)
D

T − T0
, (45a)

Nu = 1

π D

∑
Nulocal · 
s, (45b)

respectively. In addition, the computational domain is set as [−14D, 20D] × [−15D, 15D] with a mesh size of 380 × 360, 
where the flow region around the iso-heat-flux cylinder [−1.1D, 1.1D] × [−1.1D, 1.1D] is discretized uniformly with a 
mesh spacing of h = 0.01D .

Fig. 5 shows the comparisons for the isotherms around the iso-heat-flux circular cylinder provided by Wang et al. [1]
and the present results at three different Reynolds numbers. It can be seen that the predicted results by the proposed 
explicit IBM for Neumann boundary condition agree well with that of Wang et al. [1]. The present results are in consistent 
11
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Fig. 6. The comparisons of the distribution of the local Nusselt number on the cylinder surface at different Reynolds numbers.

Table 3
Comparisons of the averaged Nusselt number Nu for flows past an iso-heat-flux 
cylinder at different Reynolds numbers.

Re Nu

Present Ren et al. [28] Wang et al. [1] Ahmad and Qureshi [35]

10 1.993 2.016 2.01 2.041
20 2.694 2.741 2.69 2.662
40 3.654 3.741 3.68 3.472

with previous studies [1,28], qualitatively demonstrating the capability of the proposed explicit IBM for Neumann boundary 
condition to simulate the heat transfer with iso-heat-flux conditions in external flows.

In addition, quantitative comparisons of the local and averaged Nusselt numbers are performed to further evaluate the 
accuracy and capability of the proposed explicit IBM for NBC. Fig. 6 shows the local Nusselt number on the cylinder surface. 
It is evident from Fig. 6 that the present results are in good agreement with previous work of Wang et al. [1], indicating 
the feasibility of the proposed explicit IBM for NBC. In addition, as shown in Fig. 6, the local Nusselt number reaches its 
maximum value at the windward point and minimum point at the leeward point, indicating that the convection strength at 
windward point is much stronger than leeward point. Furthermore, the averaged Nusselt numbers tabulated in Table 3 for 
different Reynolds numbers are in excellent agreement with previous studies [1,28,35].

The local temperature gradients on the cylinder surface from the present study, Ren et al. [28], and theoretical analysis 
are provided in Fig. 7. It can be seen that the proposed explicit IBM for NBC agrees well with the prescribed theoretical 
value. The small discrepancies observed between the proposed method and theoretical value are due to the approximation 
relationships described in Eq. (38). Therefore, the proposed method can satisfy the NBC with high computational efficiency. 
Meanwhile, Fig. 7 shows that the temperature gradients of Ren et al. [28] deviate significantly from the theoretical value. 
Wang et al. [1] attributed the observed discrepancies in Ren et al. [28] to the one step explicit correction based IBMs, as 
these methods allow correct temperature on the solid boundary, but they don’t satisfy the NBC due to the mutual interaction 
between temperature correction on the Eulerian grids and the heat source on Lagrangian points.

4.3. Forced convection around a moving iso-heat-flux circular cylinder

IBM has been widely adopted to investigate the complex TFSI problems with moving object, but the moving boundary 
could induce the accuracy degradation and the spurious force oscillations (SFO) for many IBMs. In this subsection, to eval-
uate the overall accuracy of the proposed method for moving boundary problems and examine whether the SFO appears in 
the present method, a circular cylinder moving with constant velocity of U0 in the stationary fluid at Re = U0 D/ν = 40 and 
Pr = ν/χ = 0.7 is considered. The numerical test is performed on the domain of [−10D, 10D] × [−10D, 10D], where the 
moving region [−6D, 6D] × [−1.1D, 1.1D] is discretized by uniform mesh. The computational setup is shown in Fig. 8, in 
which the moving cylinder moves forward from (5D, 0).

The test case is conducted on five different grids, where the moving region is discretized uniformly with mesh spacing 
of D/80, D/100, D/120, D/140 and D/200. The numerical results obtained with the finest grid 2500 × 560 (where the grid 
spacing of the moving region is D/200) are used as the reference solution. The relative errors E2 are evaluated when the 
displacement of the cylinder achieves 10D , which is defined as:
12
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Fig. 7. Comparison of temperature gradient on the surface of the heated cylinder with constant heat flux at Re = 20.

Fig. 8. The computational setup of a moving cylinder with constant moving velocity in the stationary fluid at Re = 40.

Fig. 9. Convergence of numerical error versus mesh spacing for a moving cylinder in the stationary fluid.

E2 =

√√√√√√
∑N

i=1

∥∥∥T numerical
i − T ref erence

i

∥∥∥2

∑N
i=1

∥∥∥T ref erence
i

∥∥∥2
. (46)

Fig. 9 indicates that the overall accuracy of the proposed method for moving boundary problems is slightly lower than 
2. It may be that the first-order smooth Dirac delta function shows stronger impact on the overall accuracy in moving prob-
lems. Fig. 10(a) shows the comparisons of the local Nusselt number distributions on the immersed boundary between the 
fixed cylinder and moving cylinder. It can be seen that the local Nusselt number distributions on the immersed boundary of 
13
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Fig. 10. Comparisons of (a) the local Nusselt number distributions on the immersed boundary and (b) temperature contours (background contour: fixed 
cylinder; white dotted lines: moving cylinder) between the fixed cylinder and the moving cylinder. The results of moving cylinder are generated by the 
mesh with the spatial resolution of h = 0.01D .

Fig. 11. The computational setup for four iso-heat-flux cylinders array in a free stream, where p denotes the distance between two cylinders.

the moving cylinder agree well with that of the fixed cylinder and very smooth without SFO. The comparisons of temper-
ature contours (see Fig. 10(b)) further demonstrate that the temperature fields generated in the moving case are the same 
as the fields of the fixed cylinder and have no SFO. These results demonstrate that the proposed explicit IBM for Neumann 
boundary conditions is suitable for simulating TFSI problems with moving objects.

4.4. Forced convection around four iso-heat-flux cylinders array

In this subsection, the mixed heat transfer around four cylinders array in a square arrangement is adopted to examine 
the ability of the proposed method for simulating TFSI problems with multiple objects. Similarly, the problem is governed by 
the Reynolds number (Re = U0 D/ν), the Prandtl number (Pr = ν/χ ) and the gap ratio (p/D). The computational setup of 
this test is shown in Fig. 11, where the boundary conditions on the cylinder’s surface and domain boundaries are specified. 
The domain size of this test is set as [−50D, 50D] ×[−15D, 15D], where the region around the cylinders array [−3D, 3D] ×
[−3D, 3D] is discretized uniformly with a mesh spacing of h = 0.01D .

In this numerical test, the parameters Re = 40 and Pr = 0.7 are adopted, and three gap ratios are adopted to investigate 
the effects of gap ratio on the heat transfer performance, namely, 0.5, 0.75, and 1. Fig. 12 shows the temperature contours 
and streamlines around the four cylinders array at different gap ratios. As shown in Fig. 12(a), (b) and (c), it can be seen 
that the temperature fields predicted by the proposed explicit IBM for Neumann boundary conditions agree well with the 
results generated by the original implicit IBM [1], which qualitatively demonstrating the capability of the proposed explicit 
IBM for Neumann boundary conditions to simulate the TFSI problems with multiple objects. In addition, with the increase 
of gap ratio, the temperature in the streamwise-gaps and lateral-gaps shows a significant reduction due to the enhancement 
of the gap flows.

To further evaluate the accuracy and capability of the proposed explicit IBM for Neumann boundary conditions, the 
comparisons of the local Nusselt number distributions on the four cylinders’ surface between the proposed explicit IBM and 
the original implicit IBM [1] are performed in Fig. 13. It is evident from Fig. 13 that the results generated by the proposed 
explicit IBM are in good agreement with the results predicted by the original implicit IBM [1], demonstrating that the 
proposed explicit IBM can provide similar accuracy to the original implicit IBM [1] for TFSI problems with multiple objects.
14



B. Wu, J. Lu, H. Lee et al. Journal of Computational Physics 485 (2023) 112106
Fig. 12. The temperature fields (top row) and streamlines (bottom row) around the four cylinders array at different gap ratios. In the temperature fields, 
the background contours are predicted by the proposed explicit IBM and the white dotted lines denote the results generated by the original implicit IBM 
[1].

4.5. Mixed convection in a lid-driven cavity with an insulated cylinder

In this subsection, the mixed heat transfer around an insulated cylinder in a lid-driven cavity is adopted to examine 
the suitability of the proposed explicit IBM for Neumann boundary condition in internal flows. The computational setup 
and boundary conditions are shown in Fig. 14, where an insulated cylinder with a radius of 0.2L is placed at the center 
(0.5L, 0.5L) of the square cavity. The top wall of the cavity has a constant horizontal velocity U0 = 0.1 and a lower temper-
ature Tl = 0; the bottom wall of the cavity is fixed with a higher temperature Th = 1; two adiabatic lateral walls are fixed. 
This problem is governed by the following dimensionless group: the Reynolds number (Re), the Rayleigh number (Ra), the 
Prandtl number (Pr), and the Richardson number (Ri), which are defined as:

Re = U0L

ν
, (47a)

Pr = ν

χ
, (47b)

Ra = ζ g (Th − Tl) L3

νχ
, (47c)

Ri = Ra

Re2 Pr
, (47d)

respectively. In this numerical test, the parameters Re = 100 and Pr = 0.7 are adopted, and three typical Richardson num-
bers are chosen to investigate the effects of the buoyancy force, namely, 0.01, 1, and 10. In addition, the computational 
domain is discretized uniformly with a mesh size of 200 × 200, where the mesh spacing is h = 0.005L.

Fig. 15 shows the comparisons between the streamlines and the isotherms of an insulated circular cylinder in a lid-
driven cavity provided by Wang et al. [1] and the present results at three different Richardson numbers. It can be seen that 
the results obtained by the proposed explicit IBM for NBC agree well with that of Wang et al. [1]. With the increase of the 
Richardson number, the large vortex over the cylinder (generated at Ri = 0.01) is suppressed at Ri = 1 and disappear at 
Ri = 10. This is because as Richardson number increases, the natural convection emerges and stabilizes the flow. It is worth 
mentioning here that the isotherms around the cylinder are perpendicular to the solid boundary, indicating that the NBC is 
satisfied on the cylinder surface. These results qualitatively demonstrate the capability of the proposed method for imposing 
the Neumann boundary condition.

The local Nusselt number along the bottom wall and temperature profile along the lateral line x = 0.15L are compared 
with previous work [1] in Fig. 16 at different Richardson numbers to further quantitatively evaluate the accuracy and 
robustness of the proposed explicit IBM for NBC. It is evident from Fig. 16 that the present results agree well with the 
reference data from Wang et al. [1], demonstrating that the flow field obtained by the proposed explicit IBM is almost 
identical to that generated by the implicit IBM [1]. In addition, the temperature on the cylinder surface is compared with 
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Fig. 13. The distributions of the local Nusselt number on the four cylinders’ surface at different gap ratios, where the lines denote the results predicted by 
the proposed explicit IBM and the circles represent the results generated by the original implicit IBM [1].

Fig. 14. Scheme of the computational setup for an insulated cylinder located in a lid-driven cavity.

the previous work [1] in Fig. 17. It can be seen that the present computational results on the cylinder surface are in good 
agreement with the results generated by the original implicit IBM [1].
16



Fig. 15. Comparisons between streamlines (left column) and isotherms (right column) of the mixed heat transfer around an insulated cylinder in a lid-driven 
cavity provided by Wang et al. [1] (left part of each figure) and the present results (right part of each figure) at Re = 100 and three different Richardson 
numbers, namely, Ri = 0.01 (top row), Ri = 1 (middle row), and Ri = 10 (bottom row).

To quantitatively validate whether the temperature field around the cylinder satisfies the Neumann boundary condi-
tion, the temperature gradient on the cylinder surface is presented in Fig. 18. It can be seen that the Neumann boundary 
condition is achieved on the cylinder surface. The approximation relationship of Eq. (38) indicates that the error of the tem-
perature gradient on the solid wall is O (h). These results demonstrate that the proposed explicit IBM successfully impose 
the Neumann boundary condition on the solid wall.

4.6. Mixed convection around an iso-heat-flux rotating sphere in a cubic enclosure

The capability of the proposed explicit IBM for NBC to capture the dynamic response of 3D moving boundary problems 
is assessed on a 3D problem involving mixed convection around a vertical rotating sphere with iso-heat-flux in a cubical 
enclosure.
B. Wu, J. Lu, H. Lee et al. Journal of Computational Physics 485 (2023) 112106
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Fig. 16. Comparisons of (a) local Nusselt number at y = 0 and (b) local temperature at x = 0.15L for mixed heat transfer around an insulated cylinder in a 
lid-driven cavity at three different Richardson numbers.

Fig. 17. Comparisons of temperature on the cylinder surface at three different Richardson numbers.

Fig. 18. The temperature gradient on the cylinder surface of the mixed heat transfer around an insulated cylinder in a lid-driven cavity.
18
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Fig. 19. Scheme of the computational setup for mixed convection around a heated rotating sphere in a concentric cubical enclosure, where the no-slip 
condition and lower temperature (Tc = 0) are imposed on the six walls of the cubic enclosure and the iso-heat-flux boundary condition (∂T /∂n = −1) is 
applied on the solid boundary. The green points denote the distributed Lagrangian points and the rotating axis is along the z-direction.

Fig. 19 shows the computational setup for mixed convection around an iso-heat-flux sphere in a cube of length L, where 
the iso-heat-flux sphere (∂T /∂n = −1) with radius r = 0.2L is located at the domain center. The no-slip condition and 
constant lower temperature (Tc = 0) are imposed on all six walls. This problem is governed by the following dimensionless 
group: the rotational Reynolds number Rew , the Rayleigh number Ra, and the Prandtl number Pr, which are defined as:

Rew = ωrL

ν
, (48a)

Ra = ζ g Q L4

νχ2
= U 2

0 L2

νχ
, (48b)

Pr = ν

χ
, (48c)

where ω denotes the rotational speed and Q = −χ∂T /∂n is the heat flux. U0 =
√

ζ g Q L2

χ is defined as the characteristic 
velocity, which should satisfy the low Mach number limitation. The averaged temperature in the buoyancy force is defined 
as Tm = Tc . In the present test, the Rayleigh number and the Prandtl number are set as Ra = 105 and Pr = 0.7, respectively. 
The rotational Reynolds number is varied from 0 to 300 with an interval of 50. In this test, a uniform Cartesian mesh with 
the size of 2003 is adopted. To distribute the Lagrangian points (green points in Fig. 19) evenly on the spherical surface, the 
position of each Lagrangian point is defined by the Fibonacci lattice [36], which can be expressed as:

ϕ = 2n − 1

N
− 1, ξ =

√
5 − 1

2
,

(xn, yn, zn) =
(

r
√

1 − ϕ2 cos(2πnξ), r
√

1 − ϕ2 sin(2πnξ), rϕ

)
,

(49)

where n is the index of each Lagrangian point, N denotes the total number of the Lagrangian points, and ξ is the golden 
ratio. The position of the auxiliary points on the two auxiliary layers is determined with the same method. In this test, the 
ratio of the maximum distance between adjacent Lagrangian points to the Eulerian mesh spacing should be less than 1.6 
to establish a proper correlation between Lagrangian points and Eulerian meshes; thereby, the total number of Lagrangian 
points is set as 104 in this study.

The local Nusselt number Nulocal and the averaged Nusselt number Nu on the spherical surface are defined as:

Nusp = −
(

∂T

∂n

)
L

T − Tc
, (50a)

Nusp = 1

4πr2

∑
Nusp · 
s, (50b)

respectively.
To fairly evaluate the Nusselt number on the six cold walls, Tref = 1 is introduced to nondimensionalize the temperature 

gradient. Thereby, the local Nusselt number and the averaged Nusselt number on the walls are defined as
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Fig. 20. 3D isosurfaces of the mixed convection between an iso-heat-flux rotating sphere and outer cubic cavity at three rotational Reynolds numbers: (a) 
Rew = 0, (b) Rew = 150, (c) Rew = 300.

Fig. 21. The isotherms on the x-mid (top row) and z-mid (bottom row) planes of the mixed convection between an iso-heat-flux rotating sphere and outer 
cubic cavity at three rotational Reynolds numbers: (a, d) Rew = 0, (b, e) Rew = 150, (c, f) Rew = 300.

Nulocal = −
(

∂T

∂n

)
L

Tref − Tc
, (51a)

Nu = 1

L2

∑
Nulocal · 
s. (51b)

Fig. 20 shows the 3D iso-surfaces around the iso-heat-flux sphere at three different rotational Reynolds numbers. Com-
paring with the stationary case (Rew = 0, see Fig. 20(a)), the rotating behavior induces the expansion of the isotherms in 
the radial direction, which implies that the heat transfer rate is enhanced. To clearly evaluate the effects introduced by the 
rotating behavior on the temperature distribution in the cavity, the isotherms on the x-mid and z-mid planes are presented 
in Fig. 21. As the rotational Reynolds number increases, the dominant component controlling the flow patter transits from 
natural convection to rotational behavior. When the flow pattern is dominated by the natural convection, the isotherms are 
stretched along the z direction; when the centrifugal motion becomes the leading character, the isotherms on the x-mid 
and z-mid plane are stretched in the horizontal plane, which is induced by the rotational behavior generating the extra 
centrifugal transport behavior of the fluid.
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Fig. 22. The comparisons of the distribution of the local Nusselt number on the top edge of the x-mid plane at different rotational Reynolds numbers.

Table 4
Comparisons of the averaged Nusselt number on the 
six walls and the spherical surface at different rota-
tional Reynolds numbers.

Rew Nusp NuS NuT NuB

0 8.4000 0.0726 0.1906 0.0383
50 8.3825 0.0756 0.1801 0.0365
100 8.4289 0.0859 0.1431 0.0323
150 8.9448 0.1008 0.0876 0.0282
200 9.9908 0.1102 0.0528 0.0251
250 11.1502 0.1149 0.0370 0.0227
300 12.2544 0.1174 0.0289 0.0207

Table 5
Comparisons of the averaged Nusselt number on the six walls and 
the spherical surface between the explicit and implicit IBMs at 
Rew = 300.

Algorithm NuT NuB NuS Nusp

Explicit IBM 0.0289 0.0207 0.1174 12.2544
Implicit IBM 0.0290 0.0207 0.1172 12.2763
Relative difference 0.345% 0 0.171% 0.178%

To quantitatively analyze the effects introduced by the rotating behavior, the local and averaged Nusselt numbers are 
presented. Fig. 22 shows the local Nusselt number on the top edge of the x-mid plane. It is evident from Fig. 22 that the 
local Nusselt number decreases with the increase of the rotational Reynolds number, indicating that the heat transfer rate is 
weakened along the vertical direction. The averaged Nusselt numbers on the spherical surface (Nusp ), the side walls (NuS ), 
the top wall (NuT ), and the bottom wall (NuB ) are tabulated in Table 4. It clearly shows that the heat transfer pattern 
transits from the natural convection mode to forced convection mode. The heat transfer rates on the top and bottom walls 
are decreased by approximately 85% and 46% at Rew = 300, respectively, when being compared to the stationary case. On 
the other hand, the enhanced centrifugal motion increases the heat transfer rates on the side wall by approximately 162%. 
These results indicate that the rotational behavior redistributes the heat transfer rates of the cubic enclosure walls.

As described previously, the approximation relationship utilized in the proposed explicit IBM for NBC will introduce some 
high order errors in the temperature gradient. Therefore, further investigation into the isotherms along the x-mid plane and 
the distributions of temperature and temperature gradient on the spherical surface is performed to evaluate the influence 
of the approximation relation on the numerical results shown in Fig. 23. As shown in Fig. 23, the isotherms and the surface 
temperature generated by the proposed explicit IBM are in excellent agreement with the results obtained by the implicit 
IBM, albeit small fluctuations in the temperature gradient around the prescribed value. To further assess the accuracy of the 
explicit IBM in 3D TFSI problem with moving boundary, the averaged Nusselt number on the spherical surface and cavity 
walls are tabulated in Table 5. The relative differences between the results predicted by the explicit and implicit IBMs are 
very small, indicating that the proposed explicit IBM can provide similar accuracy to the original implicit IBM [1] for 3D 
TFSI problems.
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Fig. 23. (a) The comparisons of the isotherms on the x-mid plane between the explicit and implicit IBMs at Rew = 300. (b) The comparisons of the 
temperature and its gradient distribution on the spherical surface between the explicit and implicit IBMs at Rew = 300.

5. Conclusions

In this work, the explicit boundary condition-enforced immersed boundary method for Neumann boundary condition 
is proposed to eliminate the high computational cost and significant memory usage in the original implicit IBM, while 
maintaining similar accuracy to the implicit method. Based on the error analysis using Taylor series expansion, a second-
order approximation can be obtained; with this approximation, the explicit IBM circumvent the needs to assemble a large 
correlation matrix and inverse it, which are intrinsic limitations in the original implicit boundary condition-enforced IBM. 
The explicit IBM is integrated with the reconstructed thermal lattice Boltzmann flux solver (RTLBFS) to solve the TFSI 
problems. The intermediate flow field without considering the existence of the solid body is predicted by the RTLBFS. 
Subsequently, the IBMs for Dirichlet boundary condition and Neumann boundary condition are introduced to simultaneously 
evaluate the velocity and temperature corrections.

The proposed numerical approach is validated with several benchmark cases, including the TFSI problems related to the 
external and internal flows. The numerical accuracy test indicates that the overall accuracy of the explicit IBM with RTLBFS 
is second-order accuracy on space. The good agreement between the numerical results generated by the explicit IBM and 
previous works further demonstrates the feasibility and robustness of the explicit IBM. Lastly, a three-dimensional mixed 
convection around an iso-heat-flux rotating sphere in a cubic enclosure is considered, where 104 Lagrangian points are 
involved. The results show that the relative difference between the explicit and implicit IBMs is almost negligible and the 
capability of the explicit IBM for three-dimensional moving boundary TFSI problem with Neumann boundary condition is on 
par with the original implicit IBM. Hence, these results demonstrate that the proposed explicit boundary condition-enforced 
IBM is capable of providing identical accuracy as to implicit IBM at only a fraction amount of computational resources, 
allowing the proposed method to be deployed for complex TFSI problems involving NBC. Similar to the boundary condition-
enforced IBM for Dirichlet boundary conditions [13,23], the proposed explicit IBM for Neumann boundary conditions can be 
easily integrated with LBM and N-S solvers to simulate TFSI problems.

Owing to the use of the outer auxiliary layer, the proposed method is not suitable for simulating very dense particle-fluid 
systems. The minimum distance between two objects should not be smaller than 1.5h. Otherwise, the physical variables 
cannot be accurately evaluated.
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