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In this work, a novel boundary condition-enforced immersed boundary method (IBM) for simulating complex
thermal-fluid-structure interaction (TFSI) problems with Robin boundary conditions is proposed. In this work,
two auxiliary layers of Lagrangian points are introduced and placed within the inner and outer parts of the
immersed object to enable the simultaneous evaluation of the temperature and its gradient on the solid surface.
The mutual thermal interactions between the immersed object and the surrounding flow are taken into account
through the temperature corrections on the Lagrangian points by accurately enforcing the Robin boundary
condition on the solid boundary. Hence, a system of linear equations can be formulated to compute the
temperature corrections. Subsequently, the temperature corrections are biasedly distributed to the Eulerian
points located in the inner auxiliary layer to eliminate the diffusion generated by the smooth delta function
on the temperature field outside the solid object. The proposed IBM integrated with the reconstructed thermal
lattice Boltzmann flux solver (RTLBFS) is extensively and critically assessed with classical benchmark cases
ranging from two-dimensional stationary problems to three-dimensional problems involving moving boundaries
to demonstrate the robustness and accuracy of the proposed method for Robin boundary conditions. Results
from the present work are extensively corroborated with previous works that adopt different approaches for
imposing the Robin boundary condition. It shows that the proposed method not only provides a much more
accurate representation of the Robin boundary condition but also introduces a simple implementation for the
complex Robin boundary condition within the diffuse interface IBM framework.

1. Introduction Generally, there are three types of boundary conditions found in

practical TFSI problems, namely, Dirichlet boundary condition, Neu-

The immersed boundary method (IBM) [1-5] has always been
attractive, owing to its simplicity yet robustness for resolving thermal-
fluid-structure interaction (TFSI) problems with complex geometries
and moving boundaries on simple Cartesian meshes. The methodol-
ogy of the IBM was firstly introduced by Peskin [6] to investigate
the blood flow problem. In contrary to conventional numerical ap-
proaches adopting body-fitted meshes, IBMs introduce a set of La-
grangian points to facilitate the information exchange between solid
boundary and surrounding flows, thereby, removing tedious mesh gen-
eration requirement when simulating flows around moving immersed
objects. Therefore, tremendous efforts have been placed on develop-
ing various accurate and efficient IBMs for handling various types of
boundary conditions.

* Corresponding author.

mann boundary condition, and Robin boundary condition. Various
IBMs have been developed to simulate flows with Dirichlet bound-
ary condition [6-25] and Neumann boundary condition [26-39]. For
Dirichlet boundary condition, IBMs can be categorized into: the penalty
forcing scheme [6,14], the direct forcing scheme [15-17], the feedback
forcing scheme [12,13], the momentum exchange scheme [18,19],
and the boundary condition-enforced scheme [7,11,21,23]. Among
these IBMs, the boundary condition-enforced IBMs [7,11,21,23,40]
have been widely applied to simulate complex fluid structure prob-
lems [41-45], since it can accurately impose Dirichlet boundary con-
dition on the solid boundary. For Neumann boundary condition, IBMs
can be divided into two groups: (i) the explicit scheme [26,29,34,38]
that calculates the temperature correction by introducing a heat source,
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which is similar to the penalty forcing scheme or direct forcing scheme
for Dirichlet boundary condition; (ii) the implicit scheme [33] that
directly evaluates the temperature correction on Lagrangian points by
accurately imposing the Neumann boundary condition on the immersed
object. While the Dirichlet and Neumann boundary conditions are
well researched and established, the boundary condition of practical
engineering problems is more complex and is a combination of Dirichlet
and Neumann boundary conditions, namely, Robin boundary condi-
tion. Robin boundary conditions are normally found in conjugate heat
transfer problems.

In contrast to Dirichlet boundary condition and Neumann boundary
condition, it is much more challenging to develop an IBM to accu-
rately fulfill Robin boundary condition on the solid boundary [4,46].
There are only a handful of IBMs [47-52] that have been proposed
for implementing the Robin boundary condition. Pacheco-Vega et al.
[48] converted the boundary effects to the restoring forcing terms
through direct forcing scheme, where they proposed a general inter-
polation scheme to obtain the temperature and its gradient on the
solid boundary. Subsequently, Kinoshita et al. [53] extended this nu-
merical scheme [48] in the framework of the Fourier pseudospectral
method. Kumar and Natarajan [54] and Favre et al. [55] proposed a
volume-of-solid IBM for Robin boundary conditions in the framework
of diffuse interface IB, but this numerical scheme suffers severe spuri-
ous force oscillations (SFO), triggering the oscillatory Nusselt number
distributions. Pan et al. [56] developed a unified form IBM based
on a high order least square interpolation reconstruction, which falls
into the sharp interface IB’s framework and requires complex point
identification algorithms. Most of IBMs for Robin boundary conditions
are based on the ghost cell immersed boundary method (GCIBM)
originally proposed by Mohd-Yusof [57] and Fadlun et al. [58]. Tseng
and Ferziger [47] proposed a GCIBM for simulating fluid-structure
interaction problems with three boundary conditions by using second-
order ghost cell reconstruction. Pan [49] introduced projection points
and image points in GCIBM to calculate the variable value and its
gradient for implicitly satisfying the boundary condition at the pro-
jection point. Then, Luo et al. [50,51,59] proposed a second-order
reconstruction scheme for resolving Robin type heat transfer problems
by interpolating the flow variables on the mirror point with four
surrounding fluid points. Subsequently, Yousefzadeh and Battiato [52]
developed a high order GCIBM with a compact interpolation stencil to
avoid unnecessary extension of the discretization stencil and remove
the arbitrary choice of the distance between the mirror point and
boundary. Recently, Ou et al. [60] proposed a directional GCIBM for
Robin boundary condition, where the variables at ghost points are
separately reconstructed along each discretization direction. However,
these IBMs based on the GCIBM have to identify the fluid point, solid
point, ghost point, and mirror point at each time step when simulating
the flow around moving objects; in addition, the flow variables at
these points are evaluated through different interpolation methods,
increasing computational complexity. Therefore, it is complicated to
practically implement these GCIBMs to handle Robin type problems
with complex geometries. Furthermore, these GCIBMs evaluate the
temperature correction by introducing a boundary thermal forcing term
rather than directly solving the temperature correction.

In this work, to effectively simulate TFSI problems with Robin
boundary condition, a novel boundary condition-enforced immersed
boundary method is proposed, where the temperature corrections on
the Lagrangian points are implicitly resolved by accurately fulfilling the
Robin boundary condition on the immersed object. To evaluate the tem-
perature gradient with second order accuracy, two layers Lagrangian
points are introduced and respectively placed inside and outside of the
immersed object with two Eulerian grid spacings. The boundary effects
on the immersed object and surrounding flows are directly converted
to the unknown temperature corrections on Lagrangian points, which
are biasedly distributed on the Eulerian points inside the inner layer
to eliminate the diffusion introduced by the delta function on the
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temperature field outside the solid body. This biased distribution of the
temperature corrections is inspired by previous works [33,61], where
a biased distribution can successfully impose Dirichlet and Neumann
boundary conditions on the solid body. The proposed IBM coupled
with the RTLBFS [62] will be validated in detail by conducting some
benchmarks of forced convection with stationary and moving objects.
Furthermore, the present approach is extended to simulate complex
moving boundary and three dimensional problems.

The paper is organized as follows: the mathematical formulations,
the numerical approaches for thermal flows, and the IBM for Dirichlet
boundary conditions are introduced in Section 2. In Section 3, the
methodology of the novel boundary condition-enforced IBM for Robin
boundary conditions are presented. In Section 4, we assessed the overall
numerical accuracy of the present method and conducted numerical
validations of the boundary condition-enforced IBM for Robin bound-
ary condition. Specifically, Sections 4.2—-4.3 demonstrate the capability
of the proposed IBM for resolving the Robin type TFSI problems with
stationary and moving boundary. Sections 4.4-4.5 extend the proposed
method for TFSI problems involving complex moving boundaries in
two and three-dimensional spatial spaces. Conclusions are drawn in
Section 5.

2. The mathematical model and numerical approach

In this section, the governing equations and numerical methods
for TFSI problems are described. Briefly, a fractional step method is
employed to decompose the solution of Navier-Stokes equations into a
predictor—corrector step. In the predictor step, the RTLBFS [62] is used
to predict the intermediate flow and temperature fields without taking
into account the effects induced by the immersed object. Subsequently,
in the corrector step, different IBMs are adopted to impose the no-slip
boundary condition and Robin boundary condition on the solid wall.

2.1. Navier-Stokes (N-S) equations

For general thermal viscous flows, the macroscopic governing equa-
tions of mass, momentum and energy conservation laws can be given
as:

dp _

5t V- (pu) =0, (1a)
? +V - (puu) = =Vp+ vV [Vou+ (Vow'| + Fp +1, (1b)
d(pc, T

% + V- (pc,Tu) = yV2(pc,T) +q. (10

where p,u, v, p, T, c,, and y are the density, velocity, kinematic viscos-
ity, pressure, temperature, specific heat capacity at constant pressure,
and the thermal diffusivity, respectively. The buoyancy force can be
described with the aid of the Boussinesq approximation [63] as F =
0,0, —p¢g(T —T,,)), where ¢, g and T,, represent the thermal expansion
coefficient, gravitational acceleration, and mean temperature, respec-
tively. f is the restoring forcing term and ¢ is the heat source term. The
above N-S equations are suitable for simulating incompressible thermal
viscous flows with small density variation and low Mach number limit.

2.2. RTLBFS for the intermediate flow field

In the present work, the RTLBFS is adopted to resolve the macro-
scopic governing equations described in Section 2.1 to determine the
intermediate flow variables without taking into account the effects
induced by the immersed objects. Hence, Eq. can be rewritten in a
vector form:

oW
4 V-F=0, 2
o T 2
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Fig. 1. Local reconstructed unit lattice (a) D2Q9 and (b) D3Q19 at the cell interface. The black points are the two adjacent cell centers and the purple points are the unit lattice
points. The fluid velocity and temperature at the unit cell point are interpolated by the flow variables at the two cell centers.

where
p P
W= pu , F= II ;, (32)
pc, T Q
P = pu, (3b)
II = puu + pI — v (Vpu+ (Vow'), (30)
Q = pe,Tu— yV(pe,T). (3d)

Note that the buoyancy force Fj is calculated in the intermediate step
shown in Eq. (7) rather than in the flux term IT.

A unit lattice is reconstructed at the cell interface as shown in Fig. 1
to obtain the interface fluxes. Hence, the flow variables p, u and T at
each lattice node can be obtained by the following interpolation scheme
as:

W, + VW, - (Xy — X, ). Xy locates at the left cell;

W Wi+ VWg - (Xy — Xz), Xy locates at the right cell; @
05 [WL+ VW, - (Xy =X, ) + Wr+ VWi - (Xy = Xg)]

Xy locates at the interface;

where X; and Xj denote the positions of the left cell center and right
cell center, respectively. Note that the superscripts n, *, m, and n + 1
represent the current, the sub-intermediate, the intermediate, and the
next time steps, respectively.

Subsequently, the sub-intermediate flow variables p*, (pua)*, and
(pT)* at the cell interface are obtained through the macroscopic density
and momentum equations that are recovered from the local thermal
LBM as follow:

p*=p"—0, (pu,)" 6t + %5:20(,@,3 (Puqug + pc?éaﬁ)n +0 (5t3) , (5a)

(Pa)" = (pua)" = 510y (pugtty + pcidsp)" (5b)
+ 0.5¢261%0; [0y (puy) + 0, (pug) +0, (pu,) 844" + O (67)

(pe,T)" = (pe,T)" = 610, (pc,u,T)" +0.5¢26129,0; (pc,Té,5)" + 0 (617) .
(59

where subscripts «, § and y are the coordinate components. ¢, and &t
are the speed of sound and the time interval, respectively.

The sub-intermediate macroscopic variables at the interface can
then be obtained by solving Eq. with finite difference method, where
the discretization scheme of Eq. can be found in the previous work [64].

Through the second-order Taylor series expansion [62], the flux
terms in Egs. (3b)-(3d) can be obtained through the sub-intermediate
macroscopic variables as:

P, = (puy)" (6)

My = (pugity + p}305)” = v [0 (pua) +0, (pup) +9, (pu,) 5,]
= (o = 05) [(patty + pcZ55)" = (putatty + pcZ3,5)] + 0 (57%).
0, = (pcpuaT)* — X0, (pcpT) - (Tg - 0.5) [(pcpuaT)* - (pcpuaT)]
+0 (8%,

(6b)

(60)

where v = (r, —0.5)c26t and y = (r, —0.5) c26t. 7, and 7, are the
relaxation parameters related to the v and y, respectively.

Finally, the updated flow variables p"*!, u”, and T"™ at cell centers
can be directly evaluated:

P"+1 = pn - AA_II/ Z PaASknka’ (73)
3
(pua)" = (puq)" + :\—It, Z ,;AS,n + Fp, (7b)
3
A
(pe,T)" = (pe,T)" ~ ﬁ 2 Q, A8 nig (70)
3

where AV and At are the volume of the control cell and the macroscopic
time interval, respectively. AS, is the area of the kth cell interface.

2.3. IBM for Dirichlet boundary conditions

In this section, the two-dimensional IBM for Dirichlet boundary
condition is introduced to correct the velocity field obtained from the
intermediate flow field in the corrector step. The velocity satisfying the
no-slip boundary condition can be written as:

u™! = u" + Au, (8)

where Au is the velocity correction on the Eulerian points. Conse-
quently, the restoring force term in the momentum equation can be
written as:
n+1 ﬂ .

At

Since the IBM for Dirichlet boundary conditions has been developed
in our previous works, the details in evaluating 4u can be found
in [21,23] and will not be presented here.

f:p )

3. The boundary condition-enforced IBM for Robin boundary con-
ditions

In this section, a novel boundary condition-enforced immersed
boundary method for Robin boundary condition is proposed. The
proposed method is capable of correcting the temperature field to
accurately satisfy the Robin boundary condition on the solid wall.
The corrected temperature can be obtained through the following
relationship as:

T =T™ 4 AT, (10)
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Fig. 2. Illustration of the immersed boundary method for Robin boundary conditions. The two yellow circles denote the auxiliary layers, and the blue line represents the solid
boundary. The Robin boundary condition is imposed on the solid boundary, and the Lagrangian points on these three layers are distributed along the external normal direction.

where AT is the temperature correction at the Eulerian points. The
heating source term in the energy equation can be given as:

n+1 AT
= —_—. 11
a=r"c (1)
The general Robin boundary condition can be expressed as:
oT
ag (E) + BT = Cg. (12)

where ay, fg, and Cy, are the parameters related to the Robin boundary
condition. The scheme of the proposed IBM for Robin boundary condi-
tion is shown in Fig. 2, where two auxiliary layers shown in Fig. 2 as
yellow dotted lines are introduced to encompass the solid wall such that
the temperature gradient on the solid boundary can be obtained with
the center difference scheme. Thereby, the general Robin boundary
condition of Eq. (12) can be discretized as:

IR (TK ~TF) + brTE = Cr. (13)

2h

where T}, T%, and T} denote the kth temperature on the outer, middle,
and inner layers, respectively, and they are given as:

k _ gk k
TC = TC + 5TC s

(=0,8,1, a14)

where T denotes the intermediate temperatures on the three layers.
Substituting Eq. (14) into Eq. (13) yields the following expression:

k k
o IR (5TE (Xo) = 6TF (X)) + BoTE (X )
15)
=Cg— ﬁ R(Tpk — Tk — pRTink.

The intermediate temperature on the three layers can be obtained
by:
T (X,) = Z T (x (16)
Note that the delta function in the IBM for Robin boundary condition
adopts the 3-point discrete delta function [65] as:

(x —X") W, ¢=0,8,1.

1++/1=3(r/h?| /3, |r] <0.5h,
6(r)=415=3|r|/h -1 =31 - |r|/h)2] /6, 0.5h < |r| < 1.5h, 17)
0, [r] > 1.5h.

Similarly, the temperature corrections on the three layers can be eval-
uated through the following interpolation relationships:

ZAT

The scheme of the temperature correction distribution to the Eule-
rian points is crucial for successfully imposing the boundary condition
on the immersed objects. Besides, Ji et al. [61] pointed that the
biased distribution of the restoring force term is able to provide a
more accurate solution for the Dirichlet boundary condition. This is
because the double-sided distribution might pollute the field outside
the solid domain. Hence, the biased distribution is implemented in
the present IBM for Robin boundary condition, where the temperature
correction on the inner layer is adopted as the heat source. It can be
mathematically expressed as:

5T (X,) = (x —X")-hZ, ¢=0,8,1. (18)

AT (x;) =
(x; = X7}) - 4}

{Zk (5T1k)'D I

0, elsewhere,

for x; inside the inner layer,

19

where As’; represent the kth arc-length on the inner layer.
Substituting Eqgs. (16), (18), and (19) into Eq. (15) yields the fol-
lowing relationship:

aRp k
Cr— =2 (T2 -
R 2h(0

+ Pr <ZAT(xj) -D(x; - X%) ~h2>
:Z—Z <Z <Z{: (61! - 4s') -D(x; _XII)> )

(D (x; = Xp) =D (x; = X})) - 1)

+ Fr (Z <Z (6T; - 4s') - D (x, —X’,)> -D(x; - X%) .h2>,

J !

™) — BrT ¢

(20)

which can be rewritten in the matrix form as follow:

CY =E, (21a)
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Fig. 3. (a) Comparison of the isotherms of simulated results (blue solid line) and analytical solution (green dash line) at F, = 0.005. (b) Convergence of numerical error versus
mesh spacing for unsteady heat diffusion of a Gaussian hill, indicating that the overall accuracy of the proposed method is of second-order.

aR

! k k ! k 2
Ck1=2[2h Dl'(DO_D1)+ﬁR'D1'DS]'h, (21b)
J
a
Ey = Cr =5, (T5F = T7") = prT5" . (21c)
Y = [6T) - 4s',.... 6T - As', ... 6T - asN]". (21d)

The term 6TI’ - As' can be regarded as an unknown term, indicating
that the arc-length is not taken into calculation and the accuracy of
the present IBM is not associated with the arc-length. The unknown
term can be directly obtained by solving the linear system shown in
Eq. (21a). Therefore, the Robin boundary condition can be accurately
satisfied on the immersed objects after correcting the temperature field
using the proposed IBM.

4. Numerical results and validations

In this section, we assessed the overall accuracy of the boundary
condition-enforced IBM for Robin boundary condition coupled with
RTLBFS through the transient heat diffusion of a Gaussian hill. In
addition, the capability and robustness of the proposed IBM for Robin
boundary condition are evaluated with stationary and moving TFSI
problems. Furthermore, the suitability of the proposed IBM for im-
posing Robin boundary condition on moving objects with complex
geometries is examined. Lastly, the proposed IBM is applied to simulate
three-dimensional moving objects with Robin boundary condition.

4.1. Examination numerical accuracy

To analyze the convergence of IBM for Dirichlet boundary con-
dition, two-dimensional decaying vortex flow is adopted in previous
studies [7,11,21,66], in which a circular cylinder is immersed in the
domain center with analytical velocity being imposed on the solid
surface. Then, the convergence of L, norm of relative error versus grid
spacing can be presented to analyze.

Similarly, the transient heat diffusion of a Gaussian hill is adopted
to study the overall accuracy of the proposed method, where the
analytical parameter Cp of Robin boundary condition is imposed on
the immersed object. The parameters of Robin boundary condition are
set as: ag = —1 and fz = 1. With the analytical temperature and its
gradient on the solid boundary, Cfe can be obtained as:

(

ck = IR

k.exact k.exact
= T, -T
R 2h 1

k,
s ) + ﬂRTS exact’ (22)

where eexacte represents the analytical value. In this test, the computa-
tional domain is set as [0,2L]x[0,2L] with periodic boundary condition
being imposed on all four sides. A circular cylinder with a radius of
0.25L is placed at the center of the computational domain and the
analytical Cy is being imposed on the boundary. The initial velocity
field is set as u = (u,0) and the initial temperature field is governed
by the following formula:

202 (23)

Tre f
T(x,0) = —=ex
x,0) Tro2 SXP
where T,,, and X, denote the reference temperature and the Gaussian
hill center, respectively. In this test, ¢ 0.05L,T,,, = 2762, and
X, = (0.5L,0) are employed. The analytical temperature field is given

R

Five uniform meshes with spacing varying from L/80 to L/240
are setup with identical Ar 1 and Pe = uyL/y 100 to assess
the numerical accuracy of the proposed method. The relative error is
evaluated at F, = 0.005 with the following formula as:

N i 2
o T humerical _ Texact
E2 — \/Zl—l ( )

-(x=X, —ut)2
2 (24t +02)

TC

27 (2xt + 02)

T(x,t)= (24)

(25)

B

N

where enumericale denotes the numerical solution and N is the total
grid number on the Eulerian mesh. Fig. 3(a) shows that the isotherms
obtained from present simulation are in excellent agreement with the
analytical solution, where the two solutions are on top of each other.
The overall spatial accuracy of the proposed method is of second
order, as shown in Fig. 3(b), indicating that the effects induced by the
proposed IBM for Robin boundary condition on the global accuracy is
negligible.

4.2. Heat transfer around a stationary cylinder with Robin boundary con-
dition

In this section, flows and heat transfer over a stationary circular
cylinder is simulated to test the capability of the proposed solver for
handling Robin boundary conditions. This type of problem is governed
by Reynolds and Prandtl numbers, and they are defined as:

_ UpD

Re = s
v

(26a)
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Fig. 4. (a) Overview of the computational setup of a circular cylinder with Robin boundary conditions in a free stream, where the free stream velocity U, and constant temperature
T, are applied on the inlet boundary. (b) Configurations of the non-uniform mesh, where the domain around the heated cylinder is discretized by the finest mesh, where the white

circle denotes the heated cylinder.
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Fig. 5. (a) Local Nusselt number and temperature on the cylinder surface at Re = 20. (b) The error of Robin boundary condition on the cylinder surface. (c) Comparisons between
isotherms of the mixed heat transfer from a heated circular cylinder with Robin boundary condition provided by Ou et al. [60] (right part of the figure) and the present results
(left part of the figure) at Re = 20. These results obtained by the proposed boundary condition-enforced IBM for Robin boundary conditions agree well with previous studies,

demonstrating the accuracy and feasibility of the proposed IBM.

Pr=—,

x
respectively. U, denotes the flow velocity of the free stream and D
represents the diameter of the heated circular cylinder. The computa-
tional setup is shown in Fig. 4(a), where the free stream velocity U,
and constant temperature T;, are applied on the inlet boundary. The
computational domain (see Fig. 4(b)) is set as [-14D, 20D]x[—15D, 15D]
with a mesh size of 700 x 900, where the flow region around the
heated cylinder [-1D,4D] x [-4D,4D] is discretized uniformly with a
mesh spacing of 4 = 0.01D to capture the dynamic interaction around
the cylinder and its wake region. In this case, the Prandtl number is
fixed at Pr = 0.71 while the Reynolds number is varied from 20 to
200. No slip boundary condition and thermal Robin boundary condition
are enforced at the solid wall. The local Nusselt number Nu,,., and
averaged Nusselt number Nu for measuring the heat transfer rate on
the cylinder surface are defined as:

(26b)

aT\ D

Nulocal =_($) T_TO’ (27a)
1

Nu=— Y Ntjgey - 4s, (27b)

respectively. The parameters related to Robin boundary condition are
specified as: ag = -1, fr =1, and Cy = 1.

Fig. 5(a) shows the local Nusselt number and temperature on the
cylinder surface at Re = 20, where the present results are in good
agreement with previous work of Pan [49], indicating the feasibility
of the proposed IBM to implement Robin boundary condition.

The relative error of the Robin boundary condition on the solid
surface is computed and shown in Fig. 5(b) to ensure that the Robin
boundary condition is satisfied at the solid boundary. Interestingly, the
proposed method has a much higher accuracy in satisfying the Robin
boundary condition when compared to previous work of Luo et al.
[50]. In addition, the isotherms around the heat cylinder obtained from
present study agree well with Ou et al. [60], as shown in Fig. 5(c).

Furthermore, quantitative comparisons of the averaged Nusselt
numbers tabulated in Table 1 further demonstrate the feasibility of the
proposed method to accurately impose the Robin boundary condition,
where the averaged Nusselt numbers obtained from present study agree
well with previous studies [34,49,50].

4.3. Heat transfer around an in-line oscillating cylinder with Robin bound-
ary condition

An in-line oscillating heated cylinder in a free stream is simulated
in this section to test the capability of the proposed IBM to accurately
capture the dynamic response in moving boundary problems. This
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Fig. 6. Comparisons between instantaneous vorticity contours around the in-line oscillating heated cylinder provided by Luo et al. [50] (right column) and the present results
(left column) at Re = 100. (a)—(b) ¢ = 0.25T,, (c)~(d) 7 = 0.5T,, (e)-(f) t = 0.75T,, (g)—(h) r = T,. All instantaneous vorticity contours show that the present results obtained by the

proposed IBM agree well with those of Luo et al. [50].

Table 1
Comparisons of the averaged Nusselt number on the cylinder surface with Robin
boundary condition at different Reynolds numbers.

Nu
Re
Present Hu et al. [34] Pan [49] Luo et al. [50]
20 2.6733 2.7113 2.7202 2.7221
40 3.6317 3.6735 3.7078 3.6532
100 5.8396 5.7807 5.9255 5.9161
200 8.4668 8.1983 8.9353 N/A

numerical test case is an extension of the numerical test case presented
in Section 4.2, where an oscillating motion is applied to the cylinder.
Hence, the computational domain, mesh spacing, and boundary con-
ditions are identical to those adopted in Section 4.2 with Re = 100
and Pr = 0.7 being adopted in this numerical test case. The oscillating
motion is governed by:

X (1) = Asin (27 f,1), (28)

where A denotes the oscillating amplitude and is set as A/D = 0.14.
f. represents the oscillating frequency and is set to be f, = 2f,, where
fo denotes the vortex shedding frequency of a stationary cylinder at
Re = 100. The oscillating period is defined as T, = 1/f, and the
parameters related to the Robin boundary condition are the same as
those applied in Luo et al. [50].

Figs. 6 and 7 show the comparisons between the vorticity contours
and the isotherms of an in-line oscillating heated cylinder obtained
by Luo et al. [50] and the present results at four time instants. It can be
seen that the results obtained by the proposed IBM for Robin boundary
condition agree quite well with that of Luo et al. [50], qualitatively
demonstrating the capability of the proposed IBM for imposing the
Robin boundary condition on the solid boundary.

The comparisons of the time histories of the drag coefficient, lift
coefficient, and averaged Nusselt number are shown in Fig. 8 to further
assess the accuracy and capability of the proposed method. It is evident
from Fig. 8 that the present results agree well with the reference
data from Luo et al. [50], demonstrating that the nonlinear dynamic
characteristics are captured accurately by the proposed IBM. Note
that the small discrepancies observed in the averaged Nusselt number
between Luo et al. [50] and the present study might be induced by
the errors introduced by different interpolation schemes. In addition,
the instantaneous distributions of temperature, temperature gradient,
local Nusselt number, and the errors of Robin boundary condition are
presented in Fig. 9 at four identical time instants used in Figs. 6 and 7.
As shown in Figs. 9(a)-(c), the distribution of the temperature and its
gradient are opposite in trends, indicating that the local Nusselt number
reaches its maximum value at windward point, while the minimum
value is associated to the vortex shedding position. The instantaneous
errors of the Robin boundary condition (see Fig. 9(d)) on the immersed
boundary are negligible, demonstrating that the proposed IBM can
accurately impose Robin boundary condition on the surface of moving
objects and highlighting its flexibility of imposing Robin boundary
condition.

4.4. Heat transfer around a heaving airfoil with Robin boundary condition

Forced convection flows past a heaving heated airfoil with imposed
Robin boundary conditions are considered in this section to examine
the capability of the proposed IBM for handling TFSI problems with
complex geometries and moving boundaries. The numerical setup is
slightly different from previous section, where a free stream velocity U,
and a constant temperature T, are imposed on the inlet boundary, while
zero gradient Neumann boundary condition is applied to the remaining
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Fig. 7. Comparisons between instantaneous isotherms around the in-line oscillating heated cylinder provided by Luo et al. [50] (right column) and the present results (left column)
at Re = 100. (a)—~(b) 1 = 0.25T,, (c)—(d) t = 0.5T,, (e)-(f) 1 = 0.75T,, (g)—(h) t = T,. All instantaneous temperature isotherms show that the present results obtained by the proposed

IBM agree well with those of Luo et al. [50].

8 10
C, (present) © C, (Luo et al. [50])
————— C, (present) © C, (Luoetal. [50])
6 === Nu (present) © Nu (Luo et al. [50])— 2
-8

Fig. 8. Comparisons of the time variations of the drag coefficient, lift coefficient, and averaged Nusselt number for in-line oscillating cylinder with Robin boundary condition at
Re =100 and f,/f, =2. It quantitatively demonstrates that the present results obtained by the proposed IBM agree with those in previous work [50], indicating the feasibility of

the proposed numerical approach.

boundaries. The selected airfoil for this test case takes the shape of an
ellipse with a thickness to chord length ratio (¢ = e/c) of 1/8. The
heaving motion of the airfoil is governed by:

h(t) = hysin2x f1), 29

where A, denotes the oscillating amplitude and f is the heaving fre-
quency. The heaving period is T, = 1/f.

This numerical test is governed by the following dimensionless
group: Reynolds number (Re = % = 500), Prandtl number (Pr =

7= 0.7), and two variants of Strouhal numbers (S7, = hg—f =0.16 and
0

c

St, = Z—f = 0.5). The thermal Robin boundary condition is imposed

on the airfoil surface with agr = —1, fr = 1, and Cx = 1. Note that
the effects of natural convection and internal heat are neglected in this
study.

The local Nusselt number Nu,.,, and average Nusselt number Nu
for measuring the heat transfer rate on the airfoil surface are defined
as:

oT c
Nulocal = _(E) T_TO’ (303)
1
Nu= _Z R Z Nujyey - 4s, (30b)
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Fig. 9. The distributions of (a) temperature, (b) temperature gradient, (c) local Nusselt number, and (d) the errors of Robin boundary condition on the immersed boundary at
four time instants. The errors of Robin boundary condition quantitatively demonstrates that the proposed IBM can accurately imposed the Robin boundary condition on the solid

boundary.

respectively. The computational domain is set as [—5¢, 13¢] X [—6¢, 6¢]
with a mesh size of 1000 x 900, where the flow region around the
airfoil [—c,3c] X [-2¢,2c] is discretized uniformly with a finer mesh
spacing of A = 0.005¢ to capture accurately the dynamic interaction
around the airfoil and its wake region.

Fig. 10 shows the vorticity contours and isotherms around the
heaving heated airfoil at different time instants. It can be seen that
the instantaneous vorticity contours are consistent with those reported
in Martin-Alcantara et al. [67], thereby, qualitatively demonstrating
that the present solver can accurately capture the vortex dynamics
around the heaving airfoil. It is also evident from Fig. 10 that the
isotherms around the airfoil is closely related to the vortex config-
urations, indicating that the heat transfer rate is highly correlated
with the vorticity field. Fig. 11(a) shows that the drag coefficient and
averaged Nusselt number obtained from present study are in good
agreement with previous works [67,68], further demonstrating the
accuracy and robustness of the proposed method for solving complex
problems related to moving objects. As shown in Fig. 11(b), when
the airfoil achieves statistically steady oscillating state, the averaged
Nusselt number fluctuates periodically.

In addition, the instantaneous distributions of temperature, temper-
ature gradient, local Nusselt number, and the errors of Robin boundary
condition are presented in Fig. 12 at the same time instants selected
for Fig. 10. As expected, the location of high temperature correlates
with low temperature gradient due to the constraint imposed by the
Robin boundary condition. Interestingly, the local Nusselt number is
relatively high around the leading edge and trailing edge. In addition,
the strength of the convection is found to be much larger at the

lower side when compared to the upper side, as the airfoil is heaving
downwards. Opposite trend is observed when the airfoil is heaving
upwards. Note that the errors of the Robin boundary condition are
negligible at all time instants, as shown in Fig. 12(d), demonstrating
the robustness and accuracy of the present IBM of imposing Robin
boundary condition on moving objects with complex geometries.

4.5. Heat transfer around a three dimensional rotating sphere with Robin
boundary condition

In this section, the flow past a heated rotating sphere with Robin
boundary conditions is adopted to examine the capability of the pro-
posed IBM for simulating 3D Robin-type TFSI problem with moving
boundaries. Fig. 13 shows the schematic diagram of this problem,
where the rotating axis is located along the streamwise direction (z
axis). On the inlet boundary, free stream velocity U, and constant
temperature 7}, are applied. The numerical case is governed by three
dimensionless parameters: Reynolds number Re = U,D/v, dimension-
less rotation speed 2 = wD/2U,, and Prandtl number Pr = v/y, where
D and w are the sphere diameter and rotational speed, respectively. The
size of the computational domain is 24D x 24D x 30D, where the region
around the sphere is discretized with uniform mesh of Ax = D/50. The
spherical surface is evenly discretized by 1333 Lagrangian points. In
this test, the parameters: Re = 300, Pr=0.7, ag = -1, fr =1, Cp =1,
and 2 = 0.1,0.3 are adopted. The time histories of the dimensionless
forces exerted on the sphere and the averaged Nusselt number are
presented in Fig. 14. The dimensionless force variations are in good
agreement with those in previous studies [21,69], indicating that the
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Fig. 10. Comparisons between instantaneous vorticity field around the heaving airfoil provided by Martin-Alcéntara et al. [67] (left column) and the present results (middle
column) at Re = 500, St, = 0.16, and St, = 0.5. The instantaneous isotherms around the heaving heated airfoil are presented at right column. (a)-(c) /7, = 1/8, (d)-(f) +/T, = 1/4,
(g)-@) /T, = 5/8, and (j)-(1) 7/T, = 3/4. The instantaneous vorticity contours obtained by the present method agree well with those of Martin-Alcantara et al. [67], which
qualitatively verify that the proposed method can accurately capture the flow structures around complex moving boundaries.
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4
(T,
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Fig. 11. (a) Comparisons between the drag coefficient provided by Martin-Alcantara et al. [67], Patel and Bhardwaj [68] and the present results. (b) The time evolution of the
averaged Nusselt number, which changes periodically when the airfoil achieves stable oscillation. The comparisons quantitatively demonstrate that the numerical results obtained
by the present method agree with those in previous works [67,68], indicating that the present method can accurately capture the non-linear aerodynamic forces.

present numerical approach can accurately capture the dynamic re-
sponses of 3D TFSI problems with moving boundary. Detailed results
for dimensionless forces can be found in our previous work [21].

The instantaneous temperature, temperature gradient, and the er-
rors of the Robin boundary condition are depicted in Fig. 15 to further
evaluate the accuracy of the proposed IBM for Robin boundary condi-
tion. It is found that the instantaneous temperature is low while the
temperature gradient is relatively high at the windward side, thereby,
increasing the local Nusselt number and also the strength of convection

10

when compared to the leeward side. It is evident from Fig. 15(c)
that the errors of the Robin boundary condition are negligible, further
strengthening the suitability of the proposed IBM to accurately impose
the Robin boundary condition on immersed object.

5. Conclusions

In this work, a novel boundary condition-enforced IBM for effec-
tively imposing Robin boundary conditions on immersed objects has
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Fig. 12. The distributions of (a) temperature, (b) temperature gradient, (c) local Nusselt number, and (d) the errors of Robin boundary condition at the time instants corresponding
to Fig. 10. The errors of Robin boundary condition quantitatively demonstrates that the proposed IBM can accurately imposed the Robin boundary condition on the airfoil boundary.

Fig. 13. Schematic diagram of flow past a rotating sphere, where the rotating axis is
along the streamwise direction and the green points on the spherical surface denote the
Lagrangian points. The Robin boundary condition is enforced on the spherical surface,
where ap = -1, fr =1 and C; =1 are adopted.

been proposed, which is integrated with RTLBFS to simulate TFSI
problems with Robin boundary conditions. Previous attempts on im-
posing Robin boundary conditions with IBMs rely on either the direct

11

forcing scheme or the ghost cell scheme, where a thermal boundary
forcing term is introduced to correct the temperature field, triggering
that the variables on the solid boundary may have some discrepan-
cies with the prescribed Robin boundary condition. In the present
IBM, we introduced two auxiliary layers of Lagrangian points and the
temperature corrections on these Lagrangian points can be implicitly
resolved by accurately enforcing the Robin boundary condition on the
solid boundary. Subsequently, the temperature corrections are biasedly
distributed on the Eulerian points located in the inner auxiliary layer
to reduce the diffusion generated by the smooth delta function on the
temperature field outside the solid object.

The proposed method is demonstrated to have an overall numerical
accuracy of second-order. The proposed IBM is validated with several
benchmark cases ranging from stationary immersed objects to moving
boundaries. Good agreements with previous works demonstrate the
feasibility and the accuracy of the proposed IBM. In addition, the
present IBM has been extended to investigate TFSI problems involv-
ing complex moving boundary in three dimensional space, where the
Robin boundary condition is found to be accurately enforced by the
proposed method. Most importantly, all benchmark cases show that the
errors of Robin boundary conditions enforced by the proposed IBM are
negligible. Therefore, the proposed IBM can be used to effectively and
accurately resolve various TFSI problems involving Robin boundary
conditions. Consistent with the boundary condition-enforced IBM for
Dirichlet boundary conditions [7,70], the proposed IBM for Robin
boundary conditions can be easily coupled with LBM and N-S solvers
to solve Robin-type TFSI problems.
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Fig. 15. The instantaneous distributions of (a) temperature and (b) temperature gradient on the spherical surface at Re =300 and 2 = 0.1. (c) The errors of the Robin boundary
condition at the Lagrangian points when © = 0.1,0.3. The errors of Robin boundary condition quantitatively demonstrates that the proposed IBM can accurately imposed the Robin

boundary condition on 3D complex moving boundaries.
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