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In this work, within the framework of the continuous forcing immersed boundary method (IBM), 
a novel one-side diffuse-interface IBM is proposed for the simulation of compressible viscous flows 
around complex geometries, where the flow corrections are implicitly evaluated by solving two 
linear systems to accurately satisfy the Dirichlet and Neumann boundary conditions. Moreover, 
the Lagrangian corrections are biasedly distributed on the Eulerian points inside the solid domain 
through a novel spreading scheme, which effectively eliminates the diffusion effects introduced by 
the regularization delta function. Consequently, the non-physical pressure jump in the traditional 
continuous forcing IBM around the immersed object is eradicated. The instantaneous discretization 
errors of the Dirichlet and Neumann boundary conditions are negligible and close to the machine 
round-off, indicating that the pressure and thermal boundary conditions are accurately enforced 
on the immersed object. The proposed diffuse interface IBM integrated with the gas kinetic 
flux solver (GKFS) can achieve a second-order discretization accuracy in space. The proposed 
numerical approach is validated with several classical benchmarks, and the results agree well with 
those of the sharp interface method and bod-fitted approach, demonstrating that the proposed 
diffuse interface IBM can accurately predict the flow characteristics around the immersed object, 
such as the shockwave locations, the pressure and temperature distributions. Moreover, the 
proposed diffuse interface IBM is extended to simulate compressible viscous flows around the 
immersed object with complex geometries, where good agreements between the present results 
and the bod-fitted results are achieved as well.

1. Introduction

Due to the significant demands arising in scientific and engineering communities, computational fluid dynamics (CFD) have been 
greatly developed in recent decades for solving practical problems in various engineering areas, such as aerospace engineering, 
ocean engineering and wind engineering. The conventional CFD numerical approaches solve problems with bod-fitted meshes to 
achieve high numerical accuracy, where the boundary conditions are implemented through specifying desired boundary values on 
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the first layer of nodes on the solid surface. However, for complex solid geometries, generating high-quality bod-fitted meshes 
requires complex mesh-generation techniques. Differing from the conventional numerical approaches employing bod-fitted meshes, 
immersed boundary method (IBM) provides an alternative approach by converting the solid boundary effects into the forcing source 
terms in the governing equations, indicating that this numerical method circumvents the need to regenerate meshes for different 
geometries.

The methodology of IBM is firstly proposed by Peskin [1] for simulating blood flows in the human heart. Subsequently, many 
IBMs have been developed to accurately enforce boundary conditions on the immersed objects based on different physical models, 
for example, the penalty forcing IBM [2,3], the feedback forcing IBM [4,5], the direct forcing IBM [6--11], the multi-direct forcing 
IBM [12--15] and velocity-correction IBM [16--19]. Based on the restoring force spreading process, IBMs can be categorized into 
two groups: diffuse interface method (continuous forcing) and sharp interface method (discrete forcing) [20]. The diffuse interface 
IBMs have been widely applied for simulating incompressible flows past solid objects with complex geometries, where the IBMs are 
mainly adopted to enforce the Dirichlet boundary condition [21--24]. On the other hand, the sharp interface IBMs are widely em

ployed to simulate compressible flows, because the sharp interface method can accurately describe the immersed boundary without 
diffusion effects. There are several distinctive sharp interface IBMs, such as the immersed interface methods [25--27], the cut-cell 
based IBMs [28--30] and the ghost cell based IBMs [31--33]. However, when tackling flow problems with complex geometries, the 
sharp interface methods may encounter some numerical problems. For instance, the small cut-cells induce severe numerical insta

bility within cut-cell IBMs, and the ghost cell IBMs need to identify different points around solid boundary using complex point 
identfication algorithm and construct different interpolation/extrapolation stencils for different geometries. These numerical issues 
are obstacles for applying the sharp interface methods to simulate compressible problems with complex geometries. Therefore, an 
alternative idea is to extend the diffuse interface IBM for simulating compressible viscous flows, due to its implementation sim

plicity and numerical robustness. Qiu et al. [34] extend the velocity-correction IBM proposed by Wu and Shu [16] to simulate 
compressible flow, where they firstly calculate the momentum corrections and then evaluate the density corrections through the 
continuity equation. Subsequently, Wang et al. [35] apply the feedback forcing IBM to simulate the compressible multiphase flows, 
where the IBM restoring force is only added to the momentum equation. Sun et al. [36] adopt the velocity-correction IBM to en

force the no-slip and thermal boundary conditions, where they propose an iterative technique to evaluate the density corrections 
for enforcing the continuity equation. Riahi et al. [37] propose a pressure-corrected IBM for compressible flows, where the implicit 
direct forcing IBM is employed to enforce the Dirichlet boundary condition and the pressure-correction is derived from the momen

tum equation to ensure the pressure gradient around the solid interface is consistent with the homogeneous Neumann boundary 
condition. Yu and Pantano [38] propose an immersed boundary condition through implicitly incorporating the boundary condi

tions with the differential-algebraic equations using a half-explicit Runge-Kutta method. Subsequently, Ménez et al. [39] propose 
a sharp interface method by combining the advantages of the ghost cell IBMs and the volume penalization method. Moreover, 
Ménez et al. [39] compare the numerical results generated by the traditional feedback forcing IBM with those of the sharp inter

face method and the bod-fitted method, where they find that the feedback forcing IBM cannot accurately enforce the boundary 
conditions on the immersed surface and the pressure field is polluted by the diffusion effects induced by the regularization delta 
function. In addition, Ménez et al. [39] point out that the difference in predicted results between the existing diffuse interface IBMs 
and bod-fitted methods is relatively significant. Note that although Wang et al. [35] and Ménez et al. [39] have successfully im

plemented the feedback forcing IBM in a compressible flow environment, there are several artficial parameters in the feedback 
forcing IBM, such as the arbitrary parameters for calculating IBM forcing terms, that need to be dfined through extensive numerical 
tests.

In this work, a novel one-side diffuse-interface IBM for compressible flows is proposed within the framework of the continuous 
forcing IBM, where the boundary conditions in conventional bod-fitted methods and sharp interface approaches are accurately 
satified by the proposed diffuse IBM, such as the pressure boundary condition, the isothermal and hea-flux boundary conditions. 
The differences between the desired boundary values and the intermediate flow field are implicitly calculated by solving linear 
systems, and then these differences are adopted as Lagrangian corrections at boundary points. Moreover, this new IBM adopts a novel 
spreading scheme to suppress the diffusion effects introduced by the regularization delta function, where the Lagrangian corrections 
are biasedly distributed to the Eulerian points inside the solid body. By constructing linear systems to guarantee the equality between 
the interpolation and the spreading processes, this novel IBM can precisely implement boundary conditions on the solid surface and 
the boundary condition discretization errors are negligible.

The remainder of the paper is organized as follows. The governing equations and the numerical method for compressible viscous 
flows are presented in Section 2. In Section 3, the methodology of the proposed one-side diffuse-interface IBM is presented. In 
Section 4, the numerical accuracy test and numerical validations of the proposed diffuse IBM are conducted. Conclusions are provided 
in Section 5.

2. The governing equations and numerical methods

In this section, the governing equations of compressible viscous flows are introduced, in which the Navier-Stokes equations are 
decoupled into the prediction and correction steps through applying a fractional step method. In the prediction step, the compressible 
viscous flow is simulated by the gas kinetic flux solver (GKFS), where the boundary effects of the immersed object are neglected. 
Subsequently, in the correction step, the predicted flow field is corrected by the proposed diffuse interface IBM for accurately enforcing 
the Dirichlet and Neumann boundary conditions on the immersed boundary.
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2.1. Compressible Navier-Stokes (N-S) equations

The macroscopic governing equations for compressible viscous flows can be derived by the mass, momentum and energy conser

vation laws, which can be written as:

𝜕𝐖
𝜕𝑡 

+∇ ⋅ 𝐅 = 𝐟 , (1a)

𝐖 =
⎧⎪⎨⎪⎩

𝜌

𝜌𝐮
𝜌𝐸

⎫⎪⎬⎪⎭ , 𝐅 =
⎧⎪⎨⎪⎩

𝜌𝐮
𝜌𝐮⊗ 𝐮+ 𝑝𝑰 −𝚷

(𝜌𝐸 + 𝑝)𝐮− 𝜅∇𝑇 − 𝐮 ⋅𝚷

⎫⎪⎬⎪⎭ , (1b)

𝚷 = 𝜇

[(
∇𝐮+ (∇𝐮)T

)
− 2

3
(∇ ⋅ 𝐮)𝑰

]
, (1c)

where 𝜌, 𝐮, 𝑝, 𝐸, 𝜅 and 𝜇 represent the flow density, the velocity, the pressure, the total energy, the thermal conductivity and the 
dynamic viscosity, respectively. In this study, the internal relationship between the density 𝜌, the pressure 𝑝 and the temperature 𝑇 is 
described by the state equation for ideal gas as 𝑝 = 𝜌𝑅𝑇 , where 𝑅 is the specific gas constant. The dynamic viscosity 𝜇 is derived by 
the Sutherland’s law. The thermal conductivity is dfined as 𝜅 = 𝐶𝑝𝜇∕𝑃𝑟, in which 𝐶𝑝 denotes the specific heat coefficient at constant 
pressure and is dfined as 𝐶𝑝 = 𝛾𝑅∕(𝛾 − 1). In addition, 𝑃𝑟 and 𝛾 are the Prandtl number and the specific heat ratio, respectively. 
The right hand term of the governing equation (1a) denotes the IBM volume forces 𝐟 =

(
f𝜌, 𝐟𝐮, fE

)T
.

2.2. The solution process of N-S equations

Based on the fractional step method, the process of solving N-S equations can be decomposed into the prediction and correction 
steps as

𝐖∗
𝑖
−𝐖𝑛

𝑖

Δ𝑡 
+ 1 

Ω𝑖

∑
𝑗∈𝑁(𝑖)

𝒏𝑖𝑗 ⋅ 𝐅𝑖𝑗𝑆𝑖𝑗 = 0, prediction step, (2a)

𝐖𝑛+1
𝑖

−𝐖∗
𝑖

Δ𝑡 
= 𝐟𝑖, correction step, (2b)

where Ω𝑖 and 𝑁𝑖 denote the volume and the number of interface of the 𝑖th control volume, respectively. In addition, 𝒏𝑖𝑗 , 𝐅𝑖𝑗 and 𝑆𝑖𝑗
are the normal vector, the flux vector and the area of the 𝑗th cell interface. Note that the superscripts 𝑛, ∗ and 𝑛 + 1 represent the 
current, the intermediate and the next time steps, respectively. In the prediction step, the flow field is predicted by the flow solver 
without considering the effects of IBM volume forces, where f𝜌, 𝐟𝐮 and fE are set as zero. The N-S equations are solved by a finite 
volume method, in which the GKFS is adopted to calculate the viscous and inviscid fluxes on the interfaces between two adjacent 
cells. Thereby, the intermediate density 𝜌∗, the intermediate flow velocity 𝐮∗, and the intermediate total energy 𝐸∗ are predicted. 
Subsequently, the IBM is employed to distribute the volume forces at Lagrangian points to the background Eulerian grids, where the 
IBM volume forces are evaluated though the difference between the intermediate flow field and the desired boundary conditions. 
Consequently, the flow field is updated to the next time step 𝑛+ 1 with boundary conditions being accurately enforced.

2.3. The GKFS for predicting the intermediate flow variables

In the prediction step, the intermediate flow variables 𝐖∗ are predicted by the GKFS which has the second order of accuracy in 
space. Within the framework of a cell-centered finite volume method, the GKFS is employed to calculate the numerical flux 𝐅𝑛 at all 
cell interfaces of the control volume. The flux vector at a cell interface can be calculated by the local distribution function 𝑓 though 
the following relationship

𝐅𝑛 = ∫ u𝑛𝚽𝑓
(
𝐱𝑖𝑗 ,𝐮𝑝,𝝃, 𝑡+ 𝛿𝑡

)
𝑑Ξ, (3)

where 𝐮𝑝 = (𝑢𝑝, 𝑣𝑝) denotes the transnational velocity of particle and u𝑛 is the normal component of particle velocity. 𝝃 = (𝜉1, 𝜉2,⋯ , 𝜉𝐾 )
is the internal variable, where 𝐾 denotes the total number of degrees of freedom and is dfined as 𝐾 = 2∕(𝛾−1)−2 in two dimensions. 

𝚽 represents the vector of moments and 𝚽 =
(
1, 𝑢𝑝, 𝑣𝑝,

1
2

(
𝑢2
𝑝
+ 𝑣2

𝑝
+ 𝜉2

))𝑇

, where 𝜉2 = 𝜉21 + 𝜉22 +⋯ + 𝜉2
𝐾

. 𝛿𝑡 is the streaming time 
step. 𝑑Ξ represents the volume element in the phase space and is dfined as 𝑑Ξ = 𝑑𝑢𝑝𝑑𝑣𝑝𝑑𝜉1𝑑𝜉2⋯𝑑𝜉𝐾 .

According to the Chapman-Enskog analysis, to recover N-S equations, the distribution function 𝑓 can be approximately evaluated 
through

𝑓 = g − 𝜏

(
𝜕

𝜕𝑡
+ 𝐮𝑝 ⋅∇

)
g, (4)

where 𝜏 denotes the particle collision time and is dfined as 𝜏 = 𝜇∕𝑝. g is the Maxwellian equilibrium distribution function and its 
two-dimensional form can be expressed as
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Fig. 1. Illustration of the one-side diffuse-interface IBM for (a) the Dirichlet boundary condition and (b) the Neumann boundary condition, where 𝑏 denotes the 
boundary point, 𝑜 is the interpolation point and 𝑑𝑜 is the interpolation distance.

g = 𝜌

(
𝜆 
𝜋

)𝐾+2
2 

𝑒−𝜆
(
(𝑢𝑝−𝑢)2+(𝑣𝑝−𝑣)2+𝜉2

)
, (5)

where 𝑢 and 𝑣 denote the macroscopic velocity in the 𝑥 and 𝑦 directions, respectively. 𝜆 is equal to 1 
2𝑅𝑇 . Though implementing the 

Taylor series expansion in time and physical space, Eq. (4) can be rewritten as

𝑓
(
𝐱𝑖𝑗 ,𝐮𝑝,𝝃, 𝑡+ 𝛿𝑡

)
=g

(
𝐱𝑖𝑗 ,𝐮𝑝,𝝃, 𝑡+ 𝛿𝑡

)
− 𝜏

𝛿𝑡

[
g
(
𝐱𝑖𝑗 ,𝐮𝑝,𝝃, 𝑡+ 𝛿𝑡

)
− g

(
𝐱𝑖𝑗 − 𝐮𝑝𝛿𝑡,𝐮𝑝,𝝃, 𝑡

)]
,

(6)

where g
(
𝐱𝑖𝑗 ,𝐮𝑝,𝝃, 𝑡+ 𝛿𝑡

)
and g

(
𝐱𝑖𝑗 − 𝐮𝑝𝛿𝑡,𝐮𝑝,𝝃, 𝑡

)
represent the Maxwellian equilibrium distribution functions at the cell interface 

and its surrounding points, respectively. Substituting Eq. (6) into Eq. (3), the numerical flux F𝑛 can be rewritten as

F𝑛 = ∫ 𝑢𝑛𝚽
[
g0 − 𝜏g0

(
𝐴1 +𝐴2𝑢𝑝 +𝐴3𝑣𝑝 +

1
2
𝐴4

(
𝑢2
𝑝
+ 𝑣2

𝑝
+ 𝜉2

))]
𝑑𝚵

− 𝜏

⎡⎢⎢⎢⎣
𝜕

𝜕𝑥

⎛⎜⎜⎜⎝ ∫u𝑛≥0 u𝑛𝑢𝑝𝚽g𝑙𝑑𝚵+ ∫
u𝑛<0

u𝑛𝑢𝑝𝚽g𝑟𝑑𝚵
⎞⎟⎟⎟⎠

+ 𝜕

𝜕𝑦

⎛⎜⎜⎜⎝ ∫u𝑛≥0 u𝑛𝑣𝑝𝚽g𝑙𝑑Ξ+ ∫
u𝑛<0

u𝑛𝑣𝑝𝚽g𝑟𝑑𝚵
⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦ ,

(7)

where the subscripts ``0'', ``𝑙'' and ``𝑟'' represent the variable at the cell interface, the left side and the right side of the cell interface, 
respectively. 𝐴1, 𝐴2, 𝐴3 and 𝐴4 are the coefficients. Since the numerical approach for solving compressible viscous flows is not the 
focus of this study, readers are referred to the previous work [40] for detailed information on the GKFS solver.

3. One-side diffuse-interface IBM for Dirichlet and Neumann boundary conditions

In this section, to eliminate the diffusion effects and the boundary discretization errors in the traditional diffuse IBMs, a novel one

side diffuse-interface IBM is proposed for accurately enforcing the Dirichlet and Neumann boundary conditions, which is inspired by 
the half distribution forcing strategy proposed in Ji et al. [41]. Shu et al. [42] pointed out that the IBM forcing terms in the governing 
equations are equivalent to adding corrections to the flow field. Therefore, the IBM volume forces in Eq. (1a) are convert to the 
flow variable corrections in this work. In the correction step, the IBM is applied to evaluate the difference between the prescribed 
boundary conditions and the intermediate flow field. Thereafter, the corrected flow variables for the next time step can be calculated 
by adding the corrected value to the intermediate value as

𝜑(𝒙, 𝑡) = 𝜑∗(𝒙, 𝑡) + Δ𝜑(𝒙, 𝑡), (8)

where 𝜑 denotes the flow variables, such as density, velocity components, pressure and temperature. 𝒙 denotes the background 
Eulerian points.

Fig. 1 shows the illustration of this novel one-side diffuse-interface IBM for the Dirichlet and Neumann boundary conditions. The 
immersed boundary is discretized by a series of Lagrangian points ( in Fig. 1). For the Neumann boundary condition, the interpolation 
point ( in Fig. 1) is introduced to evaluate the gradient on the immersed boundary.
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3.1. The interpolation and spreading schemes

The intermediate variables at each Lagrangian point 𝑿𝑏 can be interpolated as

𝜑∗
𝑏
(𝑿𝑏, 𝑡) = ∫

Ω 
𝜑∗(𝒙, 𝑡)𝛿𝑏

ℎ
(𝑿𝑏 − 𝒙)𝑑𝒙, (9)

where 𝑑𝒙 = 𝑑𝑥𝑑𝑦 represents an Eulerian quadrature. Ω denotes the set of Eulerian points both inside and outside the immersed 
boundary. 𝛿ℎ denotes the interpolation kernel, and its 2D form can be expressed as

𝛿ℎ(𝑿 − 𝒙) = 1 
ℎ2

𝜙

(
𝑋 − 𝑥

ℎ 

)
𝜙

(
𝑌 − 𝑦

ℎ 

)
, (10)

where the four-point piecewise function is adopted, which can be written as

𝜙(𝑟) =

⎧⎪⎪⎨⎪⎪⎩

[
3 − 2|𝑟|+√

1 + 4|𝑟|− 4|𝑟|2]∕8, 0 ≤ |𝑟| < 1,[
5 − 2|𝑟|−√

−7 + 12|𝑟|− 4|𝑟|2]∕8, 1 ≤ |𝑟| < 2,

0, |𝑟| ≥ 2.

(11)

Similarly, the corrections at the Lagrangian points can be interpolated as

Δ𝜑𝑏(𝑿𝑏, 𝑡) = ∫
Ω 

Δ𝜑(𝒙, 𝑡)𝛿𝑏
ℎ
(𝑿𝑏 − 𝒙)𝑑𝒙. (12)

To eliminate the diffusion effects introduced by the interpolation kernel, such as the non-physical pressure jump reported in Ménez 
et al. [39], the Lagrangian corrections are assumed to be distributed to the Eulerian points inside the immersed boundary [41], which 
can be implemented by the following spreading formulation as

Δ𝜑(𝒙, 𝑡) =

{∫Γ 1 
𝜓
Δ𝜑𝑏(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏) 𝑑𝑆𝑏, for 𝒙 ∈Ω′,

0, for 𝒙 ∉Ω′,
(13)

where 𝜓 is the scaling factor to guarantee that the flow variable correction at Lagrangian points is fully transferred to surrounding 
Eulerian points, which is dfined as 𝜓𝑖 =

∑
𝒙∈Ω′ 𝛿

𝑏
ℎ
(𝑿𝑖

𝑏
− 𝒙)𝑑𝒙. Ω′ denotes the set of Eulerian points only inside the immersed 

boundary. The flow variable corrections at Eulerian points outside of the immersed boundary are set to zero to retain a sharp fluid--

solid interface. Due to the biased distribution of Lagrangian corrections, Eq. (12) can be reduced to

Δ𝜑𝑏(𝑿𝑏, 𝑡) = ∫
Ω′

Δ𝜑(𝒙, 𝑡)𝛿𝑏
ℎ
(𝑿𝑏 − 𝒙)𝑑𝒙. (14)

3.2. The proposed IBM for the Dirichlet boundary condition

For the Dirichlet boundary condition, a implicit system can be established by substituting Eqs. (9), (13) and (14) into Eq. (8) as

𝜑𝑏(𝑿𝑏, 𝑡) =𝜑∗
𝑏
(𝑿𝑏, 𝑡) + ∫

Ω′

Δ𝜑(𝒙, 𝑡)𝛿𝑏
ℎ
(𝑿𝑏 − 𝒙)𝑑𝒙

=𝜑∗
𝑏
(𝑿𝑏, 𝑡) + ∫

Ω′
∫
Γ 

1 
𝜓
Δ𝜑𝑏(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏𝛿𝑏ℎ(𝑿𝑏 − 𝒙)𝑑𝒙.

(15)

The above equation can be rewritten in a discretized form as

𝜑𝑘
𝑏
(𝑿𝑘

𝑏
, 𝑡) = 𝜑

∗,𝑘
𝑏

(𝑿𝑘
𝑏
, 𝑡) +

∑
𝒙𝑗∈Ω′

𝑁𝐿∑
𝑙=1 

1 
𝜓𝑙

Δ𝜑𝑙
𝑏
(𝑿𝑙

𝑏
, 𝑡)𝛿𝑏

ℎ
(𝒙𝑗 −𝑿𝑙

𝑏
)𝑑𝑆𝑙

𝑏
𝛿𝑏
ℎ
(𝑿𝑘

𝑏
− 𝒙𝑗 )ℎ2, (16)

where 𝑁𝐿 is the number of Lagrangian points on the immersed curve boundary Γ. Through solving the above implicit system, the 
flow variable corrections for satisfying the Dirichlet boundary condition can be accurately evaluated without polluting the external 
flow field. In this work, for the isothermal solid boundary, the boundary conditions of 𝑢𝑏 = 0, 𝜕𝑝∕𝜕𝑛= 0 and 𝑇𝑏 = 𝑇𝑟𝑒𝑓 are enforced.
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3.3. The proposed IBM for the Neumann boundary condition

As shown in Fig. 1(b), the discretization form for the general Neumann boundary condition can be expressed as

𝜕𝜑

𝜕𝑛 
=
𝜑𝑜 −𝜑𝑏

𝑑𝑜

=
𝜑∗
𝑜
+Δ𝜑𝑜 −𝜑∗

𝑏
−Δ𝜑𝑏

𝑑𝑜
,

(17)

where the intermediate variables 𝜑∗
𝑜

and its corrections Δ𝜑𝑜 at the interpolation point 𝑜 can be obtained by

𝜑∗
𝑜
(𝑿𝑜, 𝑡) = ∫

Ω 
𝜑∗(𝒙, 𝑡)𝛿𝑜

ℎ
(𝑿𝑜 − 𝒙)𝑑𝒙, (18)

and

Δ𝜑𝑜(𝑿𝑜, 𝑡) = ∫
Ω′

Δ𝜑(𝒙, 𝑡)𝛿𝑜
ℎ
(𝑿𝑜 − 𝒙)𝑑𝒙. (19)

𝑿𝑜 denotes the physical location of the interpolation point. Substituting Eqs. (9), (13), (14), (18) and (19) into Eq. (17) yields the 
following relationship

𝜕𝜑

𝜕𝑛 
𝑑𝑜 −𝜑∗

𝑜
(𝑿𝑜, 𝑡) +𝜑∗

𝑏
(𝑿𝑏, 𝑡)

=∫
Ω′

Δ𝜑(𝒙, 𝑡)𝛿𝑜
ℎ
(𝑿𝑜 − 𝒙)𝑑𝒙− ∫

Ω′

Δ𝜑(𝒙, 𝑡)𝛿𝑏
ℎ
(𝑿𝑏 − 𝒙)𝑑𝒙

=∫
Ω′

∫
Γ 

1 
𝜓
Δ𝜑𝑏(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏𝛿𝑜ℎ(𝑿𝑜 − 𝒙)𝑑𝒙− ∫

Ω′
∫
Γ 

1 
𝜓
Δ𝜑𝑏(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏𝛿𝑏ℎ(𝑿𝑏 − 𝒙)𝑑𝒙

=∫
Ω′

∫
Γ 

1 
𝜓
Δ𝜑𝑏(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏

[
𝛿𝑜
ℎ
(𝑿𝑜 − 𝒙) − 𝛿𝑏

ℎ
(𝑿𝑏 − 𝒙)

]
𝑑𝒙.

(20)

The above equation can be rewritten in a discretized form as

𝜕𝜑

𝜕𝑛 
𝑑𝑜 −𝜑∗,𝑘

𝑜
(𝑿𝑘

𝑜
, 𝑡) +𝜑

∗,𝑘
𝑏

(𝑿𝑘
𝑏
, 𝑡)

=
∑

𝒙𝑗∈Ω′

𝑁𝐿∑
𝑙=1 

1 
𝜓𝑙

Δ𝜑𝑙
𝑏
(𝑿𝑙

𝑏
, 𝑡)𝛿𝑏

ℎ
(𝒙𝑗 −𝑿𝑙

𝑏
)𝑑𝑆𝑙

𝑏

[
𝛿𝑜
ℎ
(𝑿𝑘

𝑜
− 𝒙𝑗 ) − 𝛿𝑏

ℎ
(𝑿𝑘

𝑏
− 𝒙𝑗 )

]
ℎ2.

(21)

The corrections for satisfying the Neumann boundary condition can be calculated by solving the above implicit system. Meanwhile, 
these corrections guarantee that the diffusion effects will not be propagated to the external flow field. To be consistent with the 
gradient calculated from the background flow field, the interpolation distance is set to 𝑑𝑜 = ℎ. In this work, for the adiabatic solid 
wall, the boundary conditions of 𝑢𝑏 = 0, 𝜕𝑝∕𝜕𝑛= 0 and 𝜕𝜌∕𝜕𝑛 = 0 are enforced following the previous studies [43,44]. Note that the 
generalized minimum residual algorithm is adopted to solve the sparse linear systems in Eqs. (16) and (21), where the compressed 
row technique is employed to reduce the memory space.

In the present work, the aerodynamic forces on the immersed object can be directly evaluated through the volume integration of 
momentum correction as:

𝑭 𝑓 = −
𝑁𝐸∑
𝑖=1 

Δ(𝜌𝐮)
Δ𝑡 

ℎ2 = −
𝑁𝐸∑
𝑖=1 

(
𝜌𝑛+1𝐮𝑛+1 − 𝜌∗𝐮∗

)
Δ𝑡 

ℎ2, (22)

where 𝑁𝐸 denotes the number of affected Eulerian points.

3.4. Computational sequence

The overall computational sequences for enforcing the isothermal and adiabatic boundary conditions by the proposed one-side 
diffuse-interface IBM are shown in Algorithm 1 and Algorithm 2, respectively. Note that the procedure for implementing the no-slip 
boundary condition follows the previous work [16] and is not presented in these two algorithms.

3.5. Comparison with the conventional one-side IBM and existing diffuse interface IBMs for compressible flows

3.5.1. The conventional one-side IBM for the Dirichlet boundary condition

In this section, the conventional iterative one-side IBM proposed by Ji et al. [41] is briefly introduced.
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Algorithm 1 Method for enforcing the isothermal boundary condition

1: Predict the intermediate flow variables 𝑝∗ and 𝑇 ∗ ; 
2: Calculate the Lagrangian corrections for the isothermal boundary condition in Eq. (16); 
3: Calculate the Lagrangian corrections for the pressure boundary condition in Eq. (21); 
4: Spread the Lagrangian corrections to the surrounding Eulerian points using Eq. (13); 
5: Calculate the updated pressure 𝑝𝑛+1 = 𝑝∗ + Δ𝑝 and temperature 𝑇 𝑛+1 = 𝑇 ∗ + Δ𝑇 ; 
6: Calculate the updated density through 𝜌𝑛+1 = 𝑝𝑛+1∕𝑅𝑇 𝑛+1 .

Algorithm 2 Method for enforcing the adiabatic boundary condition

1: Predict the intermediate flow variables 𝑝∗ and 𝑇 ∗ ; 
2: Calculate the Lagrangian corrections for the density boundary condition in Eq. (21); 
3: Calculate the Lagrangian corrections for the pressure boundary condition in Eq. (21); 
4: Spread the Lagrangian corrections to the surrounding Eulerian points using Eq. (13); 
5: Calculate the updated pressure 𝑝𝑛+1 = 𝑝∗ + Δ𝑝 and density 𝜌𝑛+1 = 𝜌∗ + Δ𝜌; 
6: Calculate the updated temperature through 𝑇 𝑛+1 = 𝑝𝑛+1∕𝑅𝜌𝑛+1 .

(1) Initialize the iteration number 𝑘 = 0 and 𝜑∗(0)(𝒙, 𝑡) = 𝜑∗(𝒙, 𝑡).
(2) Interpolate the intermediate flow variables at Lagrangian points 𝜑∗(𝑘)

𝑏
(𝑿𝑏, 𝑡) by using Eq. (9).

(3) Calculate the variable corrections at Lagrangian points as

Δ𝜑(𝑘)
𝑏
(𝑿𝑏, 𝑡) = 𝜑𝑏(𝑿𝑏, 𝑡) −𝜑

∗(𝑘)
𝑏

(𝑿𝑏, 𝑡). (23)

(3) Spread the Lagrangian variable corrections to the surrounding Eulerian points as

Δ𝜑(𝑘)(𝒙, 𝑡) = ∫
Γ 

1 
𝜓
Δ𝜑(𝑘)

𝑏
(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏, 𝒙 ∈Ω′. (24)

(4) Update the flow variable as

𝜑∗(𝑘+1)(𝒙, 𝑡) = 𝜑∗(𝑘)(𝒙, 𝑡) + Δ𝜑(𝑘)(𝒙, 𝑡). (25)

(5) Repeat steps 2-4 until achieving the maximum iteration number.

Note that the maximum iteration number in Ji et al. [41] is artficially determined; thus, the iterative one-side IBM cannot achieve 
a certain convergence rate and maintain the boundary errors of the Dirichlet boundary condition within a specific accuracy criterion.

3.5.2. The feedback forcing IBM

In this section, the methodology of the feedback forcing IBM for implementing the Dirichlet and Neumann boundary conditions 
are presented. For the no-slip boundary condition, the flow velocity components at Lagrangian points are interpolated by Eq. (9), and 
then the momentum forcing terms at Lagrangian points can be explicitly dfined as:

𝐅𝑢(𝑿𝑏, 𝑡) = 𝛼

𝑡 

∫
0 

(
𝐮𝑏 − 𝐮∗

(
𝑿𝑏, 𝑡

′))𝑑𝑡′ + 𝛽
(
𝐮𝑏 − 𝐮∗(𝑿𝑏, 𝑡)

)
, (26)

where 𝛼 and 𝛽 are arbitrary parameters. Subsequently, the momentum forcing terms at Lagrangian point are spread on the Eulerian 
grids through

𝐟𝑢(𝒙, 𝑡) = 𝜌(𝒙, 𝑡)∫
Γ 

𝐅𝑢(𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏. (27)

For the isothermal boundary condition, the effects of solid boundary are converted to the energy forcing term fE in Eq. (1a). At 
Lagrangian points, the total energy can be calculated through the stiffened gas equation of state as

𝐸𝑏(𝑿𝑏, 𝑡) =
1
2
𝐮2
𝑏
+ 𝑐𝑣𝑇𝑏 +

𝑃∞
𝜌(𝑿𝑏, 𝑡)

. (28)

The intermediate total energy at Lagrangian points can be interpolated by Eq. (9). Similarly, the energy forcing term at Lagrangian 
points can be derived as

𝐹𝐸 (𝑿𝑏, 𝑡) = 𝛼

𝑡 

∫
0 

(
𝐸𝑏

(
𝑿𝑏, 𝑡

′)−𝐸∗ (
𝑿𝑏, 𝑡

′))𝑑𝑡′ + 𝛽
(
𝐸𝑏

(
𝑿𝑏, 𝑡

)
−𝐸∗ (

𝑿𝑏, 𝑡
))
. (29)

Thereafter, the energy forcing term at Lagrangian point is distributed on the Eulerian grids through

f𝐸 (𝒙, 𝑡) = 𝜌(𝒙, 𝑡)∫
Γ 

𝐹𝐸 (𝑿𝑏, 𝑡)𝛿𝑏ℎ(𝒙−𝑿𝑏)𝑑𝑆𝑏. (30)
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For the adiabatic boundary condition, the boundary temperature can be approximately evaluated as

𝑇𝑏(𝑿𝑏, 𝑡) = 𝑇𝑜(𝑿𝑜, 𝑡) = ∫
Ω 

𝑇 (𝒙, 𝑡)𝛿𝑜
ℎ
(𝑿𝑜 − 𝒙)𝑑𝒙. (31)

Based on the methodology of the feedback forcing IBM, the boundary errors are significantly affected by the artficial parameters 
𝛼 and 𝛽. In addition, the inequality between the interpolation and spreading processes is not taken into consideration. In the feedback 
forcing IBM, the IBM forces at Lagrangian points are spread on the double side of the solid boundary. Therefore, the numerical results 
predicted by the feedback forcing IBM deviate from the bod-fitted results and the non-physical pressure jump occurs before the 
stagnation point [39]. For compressible flows, Ménez et al. [39] only enforce the no-slip and thermal boundary conditions, while the 
pressure boundary condition is neglected, indicating that the traction continuity at the soli–fluid interface may not be satified.

3.5.3. The velocity-correction IBM with iterative density correction

In this section, the methodology of the velocity-correction IBM with iterative density correction is presented. Similarly, the velocity

correction IBM constructs a linear system similar to Eq. (16) to solve the velocity and temperature corrections for satisfying the no-slip 
and isothermal boundary conditions. Then, the continuity equation can be rewritten as

𝜕 (𝜌∗ + Δ𝜌)
𝜕𝑡 

+ 𝜕 (𝜌∗ + Δ𝜌) (𝑢∗ + Δ𝑢)
𝜕𝑥 

+ 𝜕 (𝜌∗ + Δ𝜌) (𝑣∗ + Δ𝑣)
𝜕𝑦 

= 0. (32)

The density correction can be evaluated through a iterative process as

(
Δ𝜌𝑘+1

)
𝑖,𝑗

= −Δ𝑡

[(
𝑢𝑛+1Δ𝜌𝑘

)
𝑖+1,𝑗 −

(
𝑢𝑛+1Δ𝜌𝑘

)
𝑖−1,𝑗

2ℎ 
+

(
𝑣𝑛+1Δ𝜌𝑘

)
𝑖,𝑗+1 −

(
𝑣𝑛+1Δ𝜌𝑘

)
𝑖,𝑗−1

2ℎ 
+𝑆𝑖,𝑗

]
. (33)

Once the density and temperature corrections are obtained, the pressure can be updated by the equation of state as 𝑝𝑛+1 = (𝜌∗ +
Δ𝜌)𝑅(𝑇 ∗ +Δ𝑇 ). However, when solving the density correction, the iterative process is performed both inside and outside of the solid 
boundary, which will induce the mass exchange across the immersed boundary. Moreover, the velocity-correction IBM with iterative 
density correction can only enforce the Dirichlet boundary condition. Note that the pressure boundary condition is also not taken 
into consideration in this IBM. Consequently, the density, pressure and velocity contours show significant difference with bod-fitted 
results [36], and the pressure distribution on the solid boundary deviates from the bod-fitted results [34,36].

In contrast to the aforementioned diffuse interface IBMs, the advantages of the proposed one-side diffuse interface IBM can be 
concluded as

• With respect to the conventional iterative one-side IBM [41], the proposed one-side diffuse interface IBM is fully implicit and 
can accurately enforce the Dirichlet boundary condition. The proposed IBM can maintain the boundary errors at the level of 
machine round-off by solving a linear system.

• The proposed IBM extends the one-side spreading scheme with the implicit scheme to enforce the Neumann boundary condition, 
which guarantees that the boundary errors of the Neumann boundary condition are close to machine accuracy.

• The one-side diffuse interface IBM is firstly extended to compressible flows, where the one-side spreading scheme can retain a 
sharp fluid-solid interface to suppress the non-physical pressure jump in the traditional diffuse IBM [39].

• With respect to the feedback forcing IBM [35,39], the present IBM does not need to introduce artficial parameters to calculate 
the restoring force terms.

• With respect to the feedback forcing IBM [39] and the velocity-correction IBM with iterative density correction [36], the no-slip, 
pressure, isothermal and adiabatic boundary conditions are implicitly enforced by the present IBM with negligible boundary 
errors.

4. Results and discussions

In this section, the numerical accuracy of the proposed one-side diffuse-interface IBM integrated with the GKFS is tested. Sub

sequently, the supersonic flows past a circular cylinder with the isothermal and adiabatic wall boundary conditions are adopted to 
examine the accuracy and capability of the proposed diffuse interface IBM. In addition, the proposed diffuse interface IBM is ex

tended to simulate supersonic flows around complex geometries, such as an elliptical cylinder, 5-point stars and the Apollo Command 
Module, which further demonstrate the accuracy and flexibility of the proposed diffuse interface IBM for complex geometries.

4.1. Overall accuracy test

In this subsection, the supersonic flow past an adiabatic circular cylinder is adopted to examine the overall accuracy of the 
proposed IBM for compressible flows. The parameters in this test are 𝑀𝑎∞ = 𝑢∞∕𝑐∞ = 2.0 and 𝑅𝑒∞ = 𝜌∞𝑢∞𝐷∕𝜇 = 300, where 𝑢∞, 
𝑐∞, 𝜌∞ and 𝐷 denote the free-stream velocity, sound speed, density and the diameter of the circular cylinder, respectively. The 
pressure coefficient is dfined as 𝐶𝑝 = (𝑝− 𝑝∞)∕(0.5𝜌∞𝑢2∞). The circular cylinder is located at the origin and the size of the numerical 
domain is [−15𝐷,25𝐷] × [−15𝐷,15𝐷], in which the uniform mesh is employed to discretize the sub-region around the cylinder 
[−0.6𝐷,0.6𝐷]×[−0.6𝐷,0.6𝐷]. The numerical accuracy tests are conducted on five different meshes, where the sub-region is uniformly 
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Fig. 2. Convergence of numerical error versus mesh spacing for supersonic flow past an adiabatic circular cylinder. 

discretized with five mesh spacings, namely, 𝐷∕100, 𝐷∕120, 𝐷∕150, 𝐷∕180 and 𝐷∕200. The ratio between the Lagrangian point 
spacing and the background mesh spacing is fixed as 𝜋∕2. The predicted results generated by the finest mesh (𝐷∕200) are employed 
as the reference solution. The relative error of pressure coefficient ‖‖‖𝐶𝑝

‖‖‖𝐿2
is evaluated at dimensionless time 𝑡∗ = 𝑡𝑢∞∕𝐷 = 100 and 

dfined as

‖‖‖𝐶𝑝
‖‖‖𝐿2

=

√√√√√√∑𝑁𝐿

𝑖=1
‖‖‖(𝐶𝑝)𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑖

− (𝐶𝑝)
𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑖

‖‖‖2∑𝑁𝐿

𝑖=1
‖‖‖(𝐶𝑝)

𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑖

‖‖‖2 , (34)

where the reference pressure is interpolated from the pressure field generated by the finest mesh (ℎ =𝐷∕200) at the same location.

As shown in Fig. 2, the overall accuracy of the proposed IBM integrated with the GKFS for compressible flows is second-order in 
space, indicating that the proposed IBM does not affect the global accuracy of the GKFS. Note that the overall accuracy of the present 
diffuse interface IBM is higher than the traditional diffuse interface IBM [39], it may be that the inequality between the interpolations 
and the spreading processes is eliminated; thereby, the discretization errors induced by the proposed IBM are negligible.

4.2. Supersonic flow past an isothermal circular cylinder

In this subsection, supersonic flow past an isothermal circular cylinder is adopted to examine the accuracy and ability of the 
proposed IBM for compressible flow. This numerical test is governed by the following dimensionless parameters: 𝑀𝑎∞ = 2 and 
𝑅𝑒∞ = 300. The free-stream temperature is set to 𝑇∞ = 162.8𝐾 , indicating that the stagnation temperature is 𝑇𝑠 = 293𝐾 . In this test, 
the wall temperature is set as 𝑇𝑟𝑒𝑓 = 2𝑇𝑠 = 586𝐾 . The domain size of this problem is the same as Section 4.1, where the region of 
[−1.5𝐷,1.5𝐷] × [−1.5𝐷,1.5𝐷] is uniformly discretized with the mesh spacing of 𝐷∕200 to accurately capture the shock interface. To 
examine whether the boundary conditions are accurately satified, the instantaneous boundary errors are presented in Fig. 3, where 
the isothermal boundary error is dfined as |||𝑇𝑤 − 𝑇𝑟𝑒𝑓

|||∕𝑇∞ and the pressure boundary error is dfined as 
||||( 𝜕𝑝 

𝜕𝑛

)
𝑤
−

(
𝜕𝑝 
𝜕𝑛

)
𝑟𝑒𝑓

||||. The 
subscript ``𝑤'' denotes the flow variables interpolated from the corrected flow field at Lagrangian points. As shown in Figs. 3(b) and 
3(c), the boundary errors are extremely small and close to the machine accuracy, indicating that the Dirichlet and Neumann boundary 
conditions are accurately enforced at the Lagrangian points, and the boundary errors show negligible effects on the overall accuracy. 
In addition, the boundary errors generated by using the conventional iterative one-side IBM [41] with 10 inner iterations are also 
presented in Fig. 3(a), where the boundary errors for the Dirichlet boundary condition are noticeable, indicating that the isothermal 
boundary condition is not accurately enforced.

Fig. 4 shows the pressure prfile along the stagnation line, where the numerical results predicted by the proposed IBM are compared 
with those of the bod-fitted method, the sharp interface method and the diffuse interface IBM in Ménez et al. [39]. It is evident 
from Fig. 4 that the numerical results generated by the proposed IBM agree well with those of the bod-fitted method and the sharp 
interface method. It is noteworthy that the non-physical pressure drop right before the stagnation point in the previous diffuse IBM 
is eliminated in the present diffuse IBM, because the Lagrangian corrections are only distributed on the fluid points inside the solid 
body and the regularization delta function’s diffusion effects do not pollute the flow field outside the immersed object.

In addition, the temperature prfile along the stagnation line and the pressure distribution on the circular cylinder’s surface 
generated by the proposed IBM are compared with the previous study [39] in Fig. 5. It can be seen that the temperature prfile 
predicted by the proposed diffuse interface IBM agree well with those of the bod-fitted method and the sharp interface method, 
where the position of the shock (temperature jump’s position) is consistent with the previous bod-fitted results. Moreover, it is 
evident from Fig. 5(b) that the proposed diffuse interface IBM can predict correct pressure distribution on the cylinder’s surface, 
while the numerical results of the previous diffuse interface IBM show notably discrepancies with the bod-fitted results [39].
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Fig. 3. Boundary errors for the Dirichlet boundary condition by using (a) the iterative one side IBM proposed by Ji et al. [41] and (b) the present IBM. (c) Boundary 
errors for the Neumann boundary condition by using the present IBM.

Fig. 4. Pressure prfile along the stagnation line (𝑦∕𝐷 = 0) of supersonic flow past an isothermal circular cylinder (𝑀𝑎∞ = 2, 𝑅𝑒∞ = 300 and 𝑇𝑟𝑒𝑓 = 2𝑇𝑠), where the 
stagnation point is located at 𝑥∕𝐷 = −0.5.

Fig. 5. (a) Temperature prfile along the stagnation line (𝑦 = 0) of supersonic flow past an isothermal circular cylinder (𝑀𝑎∞ = 2, 𝑅𝑒∞ = 300 and 𝑇𝑟𝑒𝑓 = 2𝑇𝑠); (b) 
pressure distribution on the heated cylinder’s surface.

4.3. Supersonic flow past an adiabatic circular cylinder

In this subsection, the supersonic flow past an adiabatic circular cylinder is numerical investigated to further verify the suitability 
and accuracy of the proposed IBM for simulating compressible flows. The computational domain cofiguration is the same as that 
in Section. 4.2. The parameters in this problem are set as: 𝑀𝑎∞ = 1.2 and 2, 𝑅𝑒∞ = 300. Fig. 6 presents the comparisons of the 
pressure, 𝑢-velocity, and 𝑣-velocity contours between the reference contours of Sun et al. [36] and the present results. As shown in 
Fig. 6, the results obtained by the proposed diffuse interface IBM agree well with the bod-fitted results (left column: background 
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Fig. 6. Comparisons of pressure contours (first row), 𝑢-velocity contours and 𝑣-velocity contours of supersonic flow past an adiabatic circular cylinder (𝑀𝑎∞ = 2 and 
𝑅𝑒∞ = 300). Left column: reference contours of Sun et al. [36], where background contours with dash lines are generated by the bod-fitted method [45] and the 
contours with solid lines are predicted by the previous diffuse IBM proposed by Sun et al. [36]; right column: present results.

contours with dash lines). In contrast, the results predicted by the previous diffuse interface IBM [36] have significant discrepancies 
with the bod-fitted results, indicating that the present diffuse interface IBM has successfully enforced the boundary conditions on 
the immersed object. Especially, the wake recirculation phenomenon is not captured by the previous diffuse interface IBM [36] and is 
accurately predicted by the proposed diffuse interface IBM, which qualitatively demonstrates that the predicted results of the present 
IBM are more consistent with the bod-fitted results. Note that the pressure distribution in the wake region has a slight deviation 
with the bod-fitted results, which may be caused by different mesh cofigurations adopted in the respective simulations.

To quantitatively examine the accuracy and capability of the proposed diffuse interface IBM for compressible flows, the pressure 
prfile along the stagnation line is presented in Fig. 7. It is evident from Fig. 7 that the predicted pressure prfile is in a good agreement 
with the results of the bod-fitted method and the sharp interface method, indicating that the proposed diffuse interface IBM has 
accurately captured the shockwave position. Moreover, the non-physical pressure jump by the previous diffuse interface IBM reported 
in Ref. [39] is completely eliminated, which means that the present diffuse interface IBM can accurately predict the characteristics of 
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Fig. 7. Pressure profile along the stagnation line (𝑦∕𝐷 = 0) for the supersonic flow past an adiabatic circular cylinder at 𝑀𝑎∞ = 2 and 𝑅𝑒∞ = 300. 

Fig. 8. Pressure distribution on the adiabatic cylinder’s surface at (a) 𝑀𝑎∞ = 1.2 and (b) 𝑀𝑎∞ = 2.0. 

Table 1
Comparison of drag coefficient 𝐶𝑑 and shock stand-off 
distance Δ𝑠 for the supersonic flow past an adiabatic 
circular cylinder at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300.

Reference 𝐶𝑑 Δ𝑠

Takahashi et al. [46], body-fitted 1.55 -

Riahi et al. [37], diffuse 1.51 0.69 
Ménez et al. [39], diffuse 1.59 0.73 
Ménez et al. [39], body-fitted 1.62 0.73 
Ménez et al. [39], sharp 1.60 0.72 
Present, diffuse 1.62 0.75 

compressible flows without diffusion effects. In addition, the pressure distributions on the circular cylinder’s surface at 𝑀𝑎∞ = 1.2
and 2 are compared with the previous studies [34,36,37,39,46] in Fig. 8. It can be seen that the numerical results predicted by the 
proposed diffuse interface IBM are in a good agreement with the bod-fitted results at different Mach numbers. In contrast, the previous 
diffuse interface IBMs’ results cannot match well with the bod-fitted results, especially on the leeward side [34,36,37,39]. Ménez 
et al. [39] pointed out that the previous diffuse interface IBM cannot accurately predict the downstream pressure. Surprisingly, the 
proposed diffuse IBM can accurately generate the downstream pressure, because the pressure and temperature boundary conditions 
are precisely enforced by the proposed diffuse interface IBM without polluting the flow field outside the solid object. To further 
evaluate the accuracy of the proposed diffuse interface IBM, Table 1 compares the drag coefficient 𝐶𝑑 and the shock stand-off 
distance Δ𝑠 with those of previous studies [37,39,46]. It is evident from Table 1 that the predicted results are in a good agreement 
with the reference data, which further cofirms the suitability of the proposed diffuse interface IBM for simulating compressible 
flows. 

Journal of Computational Physics 523 (2025) 113667 

12 



B. Wu, Y. Liu and L. Fu 

Fig. 9. (a) The Mach contours of compressible flows past an adiabatic ellipse cylinder at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300; (b) the pressure distribution on the ellipse 
cylinder’s surface.

4.4. Supersonic flow past a bluff body with complex geometries

Previous sections present the ability of the proposed diffuse interface IBM for simulating compressible flows past a circular cylinder 
with different thermal boundary conditions. In this subsection, simulations of compressible flows past solid objects with complex 
geometries are conducted to examine the capability of the proposed IBM. Firstly, the compressible flow past an adiabatic ellipse 
cylinder is simulated. The ellipse with a thickness 𝑒 to chord length 𝑐 ratio (𝜖 = 𝑒∕𝑐) of 1∕2, and the dimensionless flow parameters 
are 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 𝜌∞𝑢∞𝑐∕𝜇 = 300. Similar to the compressible flow past a circular cylinder, the flow cofigurations present 
a detached bow shock at the upstream of the cylinder and a steady downstream wake (see Fig. 9(a)). Besides, the shockwave position 
is closer to the solid object than the circular cylinder cofiguration. 

To quantitatively verify the accuracy of the proposed diffuse interface IBM for irregular geometries, the pressure distribution 
on the ellipse cylinder’s surface is presented in Fig. 9(b). To our knowledge, there is no reference case of the compressible past an 
adiabatic ellipse, so the results are compared to the bod-fitted results. It can be seen that the present results are in a good agreement 
with the bod-fitted results, indicating the flow characteristics around the immersed object are accurately predicted. Moreover, the 
pressure and temperature prfiles along the stagnation line (𝑦∕𝑐 = 0) and the upward line (𝑦∕𝑐 = 0.3) are presented in Fig. 10. It 
is evident from Fig. 10 that good agreements between present results and bod-fitted results are achieved, where the shockwave 
position, the pressure and temperature jumps agree well with the bod-fitted results. These numerical observations demonstrate that 
the proposed diffuse interface IBM can accurately simulate the compressible flows past solid body with irregular geometries.

To further test the ability of the proposed diffuse interface IBM for simulating supersonic flow past solid objects with complex 
geometries, two adiabatic 5-point stars are adopted in this subsection. The geometry of the 5-point star is dfined by the following 
equation as:(

𝑋𝑏

𝑌𝑏

)
=

([
𝑟0 + Δ𝑟cos(5𝜃)

]
cos(𝜃)[

𝑟0 + Δ𝑟cos(5𝜃)
]
sin(𝜃) 

)
, (35)

where 𝑟0 and Δ𝑟 denote the averaged radius and the maximum radial perturbation, respectively. In this problem, the geometry 
parameters are set as: 𝑟0 = 0.5, Δ𝑟 = 0.05 and 0.1; the corresponding geometries are shown in Fig. 11. The dimensionless flow 
parameters are: 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 𝜌∞𝑢∞2𝑟0∕𝜇 = 200. 

Figs. 12 and 13 show the pressure and temperature prfiles along the stagnation line and the upward line at Δ𝑟 = 0.05 and 0.1, 
respectively. It can be seen that the pressure and temperature distributions are consistent with bod-fitted results, indicating that the 
proposed diffuse interface IBM accurately predicts the flow characteristics around these two 5-point stars, where shockwave position, 
pressure and temperature jumps are accurately captured.

In addition, the pressure distributions on these two 5-point stars’ surface are shown in Fig. 14. It is evident from Fig. 14 that the 
present results are in a good agreement with the bod-fitted results, indicating that flow details around two 5-point stars are accurately 
captured. These numerical results demonstrate the capability and accuracy of the proposed diffuse interface IBM for simulations of 
compressible viscous flows past solid objects with complex geometries.

4.5. Supersonic flow past the Apollo command module

In this subsection, the proposed diffuse interface IBM is employed to simulate the supersonic flow past the Apollo Command 
Module. The parameters of this problem are set as: 𝑀𝑎∞ = 2, 𝑅𝑒∞ = 𝜌∞𝑢∞𝐷∕𝜇 = 300 and 𝛼 = 17.8◦. The details of the Apollo 
Command Module can be found in Ref. [47], and the geometry is shown in Fig. 15(a). As shown in Fig. 15(a), there is a detached bow 
shock before the Apollo Command Module and a flow recirculation region at the upper side of the module generated by the attack 
angle. Fig. 15(b) quantitatively compares the surface pressure distribution provided by the present IBM with the bod-fitted results, 
in which good agreements can be observed; it demonstrates that the present method can precisely predict local flow characteristics 
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Fig. 10. The pressure and temperature prfiles along the stagnation line (𝑦∕𝑐 = 0, first row) and the upward line (𝑦∕𝑐 = 0.3, second row), where the stagnation point 
is located at 𝑥∕𝑐 = −0.5.

Fig. 11. The geometries of 5-point stars at (a) Δ𝑟= 0.05 and (b) Δ𝑟= 0.1. 

around complex geometries. In the Fig. 16, the comparisons of pressure, density, 𝑢-velocity and 𝑣-velocity contours between present 
results and bod-fitted results are presented. It is evident from Fig. 16 that the results predicted by the proposed diffuse interface 
IBM are in a good agreement with the bod-fitted results, where the re-circulation bubble and shockwave position are accurately 
captured, qualitatively demonstrating that the global flow characteristics are reproduced by the proposed diffuse interface IBM. 

To quantitatively examine the accuracy of the present method, comparisons of pressure and temperature prfiles along the forward 
line (𝑦∕𝐷 = 0) and the upward line (𝑦∕𝐷 = 1) between the present results and bod-fitted results are exhibited in Fig. 17. The prfiles 
predicted by the proposed diffuse interface IBM are consistent with those of the bod-fitted method, and the local flow cofigurations, 
such as shockwave position, pressure and temperature jumps, are accurately predicted.
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Fig. 12. The pressure and temperature prfiles along the stagnation line (𝑦∕2𝑟0 = 0, first row) and the upward line (𝑦∕2𝑟0 = 0.6, second row) at Δ𝑟= 0.05, where the 
stagnation point is located at 𝑥∕2𝑟0 = −0.45.

4.6. Compressible flow past a NACA0012 airfoil

In this subsection, compressible flow past a NACA0012 airfoil is simulated to verify the accuracy and feasibility of the present 
method. Three classic tests are conducted across subsonic and supersonic flows, with the parameters as follows: (1) 𝑀𝑎∞ = 𝑢∞∕𝑐∞ =
0.8, 𝑅𝑒∞ = 𝜌∞𝑢∞𝑐∕𝜇 = 500, and 𝛼 = 10◦; (2) 𝑀𝑎∞ = 0.5, 𝑅𝑒∞ = 5000, and 𝛼 = 0◦; (3) 𝑀𝑎∞ = 2, 𝑅𝑒∞ = 1000, and 𝛼 = 10◦; where 
𝑐 denotes the chord length. The leading edge of the NACA0012 airfoil is located at the origin and the size of the computational 
domain is [−11𝑐,17𝑐] × [−11𝑐,11𝑐], with the flow region around the airfoil uniformly discretized at a mesh spacing of 𝑐∕500. To 
construct a proper correlation between the Eulerian and Lagrangian points, 1000 Lagrangian points are employed to discretize the 
solid boundary.

Fig. 18 compares the streamlines around the NACA0012 airfoil between the present results and bod-fitted solutions. At 𝑀𝑎∞ =
0.8, 𝑅𝑒∞ = 500 and 𝛼 = 10◦, a large separation region forms on the upper surface of the airfoil, with this vortical structure extending 
across more than 50% of the chord length on the upper surface, which is consistent with the phenomenon reported by Jawahar and 
Kamath [48]. The streamlines around the trailing edge of the NACA0012 airfoil are shown in Fig. 18(c) at 𝑀𝑎∞ = 0.5, 𝑅𝑒∞ = 5000
and 𝛼 = 0◦, where the Reynolds number is near the upper limit of steady laminar flow. It can be seen that flow separation occurs near 
the trailing edge and a pair of symmetric recirculation bubbles appear in the wake region, which agree well with the observations by 
Swanson and Langer [49]. These numerical results qualitatively demonstrate the capability and feasibility of the present method for 
simulating compressible flows with complex geometries.

To quantitatively evaluate the accuracy of the proposed method, the comparison of the pressure distribution on the airfoil surface 
is shown in Fig. 19. It can be seen that the pressure distributions predicted by the present IBM agree well with reference solutions 
generated by bod-fitted techniques [48] and sharp interface IBM [50], quantitatively indicating that the present method can accu

rately predict the nonlinear characteristics in compressible flows with complex geometries. To further examine the capability and 
accuracy of the present method in predicting aerodynamic forces, the drag and lift coefficients are tabulated in Table 2. It is evident 
from Table 2 that the predicted force coefficients agree well with reference data, further demonstrating that the present method can 
accurately predict aerodynamic forces for compressible flows.
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Fig. 13. The pressure and temperature prfiles along the stagnation line (𝑦∕2𝑟0 = 0, first row) and the upward line (𝑦∕2𝑟0 = 0.6, second row) at Δ𝑟 = 0.1, where the 
stagnation point is located at 𝑥∕2𝑟0 = −0.4.

Fig. 14. Pressure distribution on the two 5-point stars’ surface at (a) Δ𝑟= 0.05 and (b) Δ𝑟 = 0.1. 

To globally evaluate the accuracy and capability of the present method for simulating compressible flows, comparisons of pressure, 
density, 𝑢-velocity and 𝑣-velocity contours between present results and bod-fitted results for the three test cases are presented in 
Figs. 20, 21 and 22. It can be seen that the flow fields predicted by the proposed one-side diffuse interface IBM are in good agreement 
with those generated by the bod-fitted method, where the recirculation bubble in two subsonic cases and shockwave position in the 
supersonic case are accurately captured, demonstrating that the proposed IBM can accurately predict global flow characteristics from 
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Fig. 15. (a) The Mach contours of supersonic flows past the Apollo Command Module, where 𝛼 denotes the angle of attack and 𝐷 represents the characteristic length; 
the leading point (red point) is located at (−0.5𝐷, 0); (b) the pressure distribution on the surface of the Apollo Command Module. (For interpretation of the colors in 
the figure(s), the reader is referred to the web version of this article.)

Fig. 16. Comparisons of (a) pressure, (b) density, (c) 𝑢-velocity and (d) 𝑣-velocity contours between the present results (white solid lines) and the bod-fitted results 
(background contours) at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300.

Table 2
Comparison of drag 𝐶𝑑 and lift 𝐶𝑙 coefficients for the compressible flow past a NACA0012 
airfoil.

Case Reference 𝐶𝑑 𝐶𝑙

𝑀𝑎∞ = 0.8, 
𝑅𝑒∞ = 500, 
𝛼 = 10◦

Jawahar and Kamath [48] 0.27216 0.49394 
Bristeau [51] 0.243-0.2868 0.4145-0.5170 
Present 0.2796 0.4456 

𝑀𝑎∞ = 0.5, 
𝑅𝑒∞ = 5000, 
𝛼 = 0◦

Jawahar and Kamath [48] 0.05557 0.0 
Mavriplis and Jameson [52] 0.0561 0.0 
Present 0.0560 0.0 

𝑀𝑎∞ = 2, 
𝑅𝑒∞ = 1000, 
𝛼 = 10◦

Bristeau [51] 0.2515-0.2535 0.3388-0.3427 
Forsyth and Jiang [53] 0.2548 0.3407 
Present 0.2622 0.3358 
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Fig. 17. The pressure and temperature prfiles along the forward line (𝑦∕𝐷 = 0, first row) and the upward line (𝑦∕𝐷 = 1, second row) at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300, 
where the stagnation point is located at 𝑥∕𝐷 = −0.5.

Fig. 18. Comparisons of streamlines between the present results (left column) and reference data (right column). First row: 𝑀𝑎∞ = 0.8, 𝑅𝑒∞ = 500 and 𝛼 = 10◦ ; second 
row: 𝑀𝑎∞ = 0.5, 𝑅𝑒∞ = 5000 and 𝛼 = 0◦ . Figs. 18(b) and 18(d) are generated by bod-fitted methods in Jawahar and Kamath [48] and Swanson and Langer [49], 
respectively.
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Fig. 19. Pressure distributions on the NACA0012 airfoil at (a) 𝑀𝑎∞ = 0.8, 𝑅𝑒∞ = 500 and 𝛼 = 10◦ , (b) 𝑀𝑎∞ = 0.5, 𝑅𝑒∞ = 5000 and 𝛼 = 0◦ , and (c) 𝑀𝑎∞ = 2, 
𝑅𝑒∞ = 1000 and 𝛼 = 10◦ .

Fig. 20. Comparisons of (a) pressure, (b) density, (c) 𝑢-velocity and (d) 𝑣-velocity contours between the present results (white dash lines) and the bod-fitted results 
(background contours with black solid lines) at 𝑀𝑎∞ = 0.8, 𝑅𝑒∞ = 500 and 𝛼 = 10◦ .

subsonic to supersonic flows. Note that the flow variables distributions in the region far away from the NACA0012 airfoil exhibit 
slight deviations from the bod-fitted results. These discrepancies may be attributed to the different mesh cofigurations, farfield 
boundary conditions, and domain sizes employed in the respective simulations. Moreover, to quantitatively examine the accuracy 
and capability of the present IBM in predicting the shockwave position, comparisons of pressure and temperature prfiles along the 
forward line (𝑦∕𝑐 = 0) between the present results and bod-fitted results are presented in Fig. 23. It is evident from Fig. 23 that the 
prfiles predicted by the present IBM are consistent with those from bod-fitted meshes, where the shockwave position, pressure and 
temperature jumps are accurately captured.
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Fig. 21. Comparisons of (a) pressure, (b) density, (c) 𝑢-velocity and (d) 𝑣-velocity contours between the present results (white dash lines) and the bod-fitted results 
(background contours with black solid lines) at 𝑀𝑎∞ = 0.5, 𝑅𝑒∞ = 5000 and 𝛼 = 0◦ .

4.7. Compressible flow around a moving circular cylinder

In this subsection, to assess the accuracy and capability of the proposed one-side diffuse interface IBM in simulating compressible 
flows with moving boundaries, the supersonic flow past a circular cylinder (described in Section 4.3) is repeated in a different reference 
frame with 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300, where a circular cylinder moving through a stationary compressible viscous fluid is simulated. 
Comparing results from these two reference frames has been widely used to evaluate the capability of the sharp interface IBM in 
simulating compressible flows with moving boundaries [54,55]. The computational domain size is [−70𝐷,10𝐷]×[−15𝐷,15𝐷], which 
is discretized by a non-uniform mesh of 6301 × 271. To save computational costs, the moving region of [−61𝐷,𝐷] × [−0.8𝐷,0.8𝐷] is 
uniformly discretized with a mesh spacing of ℎ =𝐷∕100. The center of the circular cylinder is moving from (0,0) to (−60,0) with a 
constant velocity (−𝑢∞,0).

Fig. 24 shows the comparisons of pressure, density, 𝑢-velocity and 𝑣-velocity contours between the moving and stationary reference 
frames. Note that, for velocity contours of the moving cylinder, the velocity values are calculated in the reference frame fixed on the 
moving cylinder. It is evident from Fig. 24 that the results obtained in the moving reference frame are almost identical to those from 
the stationary reference frame, qualitatively indicating the capability and feasibility of the present method for simulating moving 
objects in a strongly compressible environment.

Furthermore, to quantitatively evaluate the accuracy of the present method for addressing compressible moving-boundary prob

lems, the pressure prfile along the stagnation line and the pressure distribution on the cylinder surface are presented in Fig. 25. It 
can be seen that the results from the moving reference frame agree well with both the reference data [39,46] and those from the 
stationary reference frame, demonstrating that the proposed one-side diffuse interface IBM can accurately predict the flow charac

teristics, such as the shockwave position and pressure jump, for compressible flows with moving boundaries. Moreover, the drag 
coefficient 𝐶𝑑 and the shock stand-off distance Δ𝑠 are presented in Table 3. The numerical results predicted by the present method 
agree well with those of Ménez et al. [39], and the numerical solutions from the moving reference frame are identical to those from 
the stationary reference frame. These numerical observations further demonstrate the accuracy and capability of the proposed IBM 
for compressible moving-boundary problems.
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Fig. 22. Comparisons of (a) pressure, (b) density, (c) 𝑢-velocity and (d) 𝑣-velocity contours between the present results (white dash lines) and the bod-fitted results 
(background contours with black solid lines) at 𝑀𝑎∞ = 2.0, 𝑅𝑒∞ = 1000 and 𝛼 = 10◦ .

Fig. 23. The pressure and temperature prfiles along the forward line (𝑦∕𝑐 = 0) at 𝑀𝑎∞ = 2.0, 𝑅𝑒∞ = 1000 and 𝛼 = 10◦ , where the stagnation point is located at 
𝑥∕𝑐 = 0.
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Fig. 24. Comparisons of (a) pressure, (b) density, (c) 𝑢-velocity and (d) 𝑣-velocity contours between the moving (background contours with black solid lines) and 
stationary (white dash lines) reference frames at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300.

Fig. 25. (a) Pressure prfile along the stagnation line (𝑦∕𝐷 = 0), where the center of the moving cylinder is relocated at (0,0) for easy comparison. (b) Pressure 
distribution on the surface of the circular cylinder.
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Table 3
Comparison of the drag coefficient 𝐶𝑑 and the shock 
stand-off distance Δ𝑠 for the moving and stationary 
reference frames at 𝑀𝑎∞ = 2.0 and 𝑅𝑒∞ = 300.

Reference 𝐶𝑑 Δ𝑠

Ménez et al. [39], diffuse 1.59 0.73 
Ménez et al. [39], body-fitted 1.62 0.73 
Ménez et al. [39], sharp 1.60 0.72 
Present (stationary, ℎ =𝐷∕100) 1.62 0.74 
Present (moving, ℎ =𝐷∕100) 1.62 0.74 

5. Conclusions

In the present work, a novel one-side diffuse-interface immersed boundary method is proposed for simulating compressible vis

cous flows around complex geometries, where two linear systems are constructed to accurately enforce the Dirichlet and Neumann 
boundary conditions on the immersed object, respectively. To eliminate the non-physical pressure jump introduced by the diffusion 
effects from the regularization delta function, a novel spreading scheme for distributing the Lagrangian corrections on the surrounding 
Eulerian points inside the solid domain is incorporated with the proposed diffuse IBM. Furthermore, the proposed diffuse interface 
IBM is integrated with the gas kinetic flux solver (GKFS) to resolve the compressible flow characteristics around the immersed object, 
in which the fractional-step method is employed to decouple the Navier-Stokes equations into the prediction and correction steps. 
In the prediction step, the intermediate flow variables are predicted by the GKFS without considering the IBM restoring forcing 
terms. Subsequently, in the correction step, the proposed diffuse interface IBM is adopted to evaluate the flow variable corrections 
for achieving the desired boundary conditions.

The one-side diffuse-interface IBM is validated with several numerical benchmarks. The supersonic flow past an adiabatic circular 
cylinder is adopted to examine the accuracy of the proposed numerical approach, and the results indicate that the overall spatial 
accuracy is second-order. Subsequently, two numerical cases of supersonic flow over a circular cylinder with isothermal and adiabatic 
boundary conditions are adopted to evaluate the accuracy and capability of the proposed numerical approach for compressible flow. 
The boundary errors are negligible and close to machine round-off, demonstrating that the physical boundary conditions are accurately 
implemented by the present diffuse interface IBM. The numerical results show that the non-physical pressure jump in the previous 
study is eliminated by the proposed IBM, and the resolved pressure and temperature prfiles are in a good agreement with the results 
of the sharp interface method and the bod-fitted approach. Specifically, the previous studies show that the pressure distributions on 
the leeward side generated by the existing diffuse interface IBMs have some discrepancies with the bod-fitted results. In contrast, the 
pressure distributions on the cylinder surface predicted by the present diffuse interface IBM agree well with the bod-fitted results 
at different Mach numbers, indicating that the flow characteristics around the immersed object are accurately predicted. To further 
examine the capability and flexibility of the proposed method for complex geometries, the supersonic flow past an ellipse cylinder 
and two different 5-point stars are conducted. The numerical results show that the shockwave positions, the temperature prfiles, 
and the pressure distributions on the immersed surface are in a good agreement with the bod-fitted results. Lastly, the proposed 
diffuse IBM is extended to simulate the supersonic flow over the Apollo Command Module, where the pressure, density and velocity 
contours are consistent with the bod-fitted results. These numerical observations indicate the proposed diffuse interface IBM can 
accurately predict the local and global flow characteristics of compressible flows around complex geometries.
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